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Dynamics of the spintransfer nanooscillator under spin wave impact
induced by external signal
Aleshin K.N, Matrosov V.V., Mishagin K.G.
Lobachevsky State University of Nizhny Novgorod
kirill_al@bk.ru
In current work we research dynamics and bifurcations of the model of spin transfer nanooscillator,
driven by external signal exiting spin waves in ferromagnetic layer of nanooscillator. We studied parameter space of coupling strength and frequency detuning for division into subareas corresponding to
topologically different dynamical regimes. It is shown that frequency locking band is not a monotonic
function of coupling strength (in contrast to classical case). Scenarios of frequency locking loss may
differ depending on the value of coupling strength. Oscillations suppression is demonstrated as the
consequence of coupling strength increment.

Soliton solutions of vector defocusing Gross-Pitaevskii equation:
a method for comprehensive description?
G.L. Alfimov, A.D. Kirilin
National Research University of Electronic Technology MIET,
Zelenograd, Moscow 124498, Russia
galfimov@yahoo.com, adkirilin@gmail.com
The Gross-Pitaevskii equation (GPE) is one of the basic equations to describe the phenomenon
of Bose–Einstein condensation (BEC) in so-called mean-field approximation. In this case Ψ(t, x) describes the macroscopic wave function of the condensate. The function Ψ(t, x) may be scalar, in the
case of single-component condensate, or vector if the condensate consists of multiple species. For binary condensate, the governing vector GPE describes the dynamics of two scalar components Ψ1 (x, t)
and Ψ2 (x, t),



iΨ1,t = −Ψ1,xx + V (x)Ψ1 + (|Ψ1 |2 + β|Ψ2 |2 )Ψ1 ,

iΨ

2,t

|2

= −Ψ2,xx + V (x)Ψ2 + (β|Ψ1 +

(1)

|Ψ2 |2 )Ψ2 .

Here V (x) is a trap potential and β > 0 is responsible for interspecies relations. An important class of
solution of GPE are stationary solitonic modes defined as Ψ1,2 (t, x) = eiω1,2 t ψ1,2 (x), ψ1,2 (x) → 0 as
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x → ±∞. The system for real ψ1,2 (x) reads


ψ1,xx + (ω1 − V (x))ψ1 − (ψ12 + βψ22 )ψ1 = 0,

ψ

2,xx

+ (ω2 − V (x))ψ2 −

(βψ12

+

ψ22 )ψ2

(2)

= 0.

The aim of this study is to present the most complete description of solitons in this model. The idea
of the approach is to make use of the fact that the “most part” of the solutions of Cauchy problem
for (2) are singular, i.e., they tend to infinity at some finite point of x axis. Since the solutions of (2)
that vanish at +∞ form 2D manifold Ws , one can select two parameters C1 and C2 to fix a solution
(ψ1 (x), ψ2 (x)) at Ws , and put in correspondence to the pair (C1 , C2 ) the value x = x(C1 , C2 ) where
the solution collapses being continued from x = +∞ limit. We argue that properly arranged numerical
study of the function x = x(C1 , C2 ) allows to give comprehensive information about possible solitonic
modes coexisting for given potential V (x) and parameters β and ω1,2 .

Coherence-incoherence transition in an ensemble of coupled maps
Anishchenko V.S.1 , Bogomolov S.A.1 , Schöll E.2 , and Strelkova G.I.1
1 Saratov

National Research State University

2 Institut

für Theoretische Physik, TU Berlin
wadim@info.sgu.ru

We present numerical results for the bifurcation transition from coherence to incoherence in an ensemble of nonlocally coupled chaotic maps. It is firstly shown that two types of chimera states, namely,
amplitude and phase, can be found in a network of coupled logistic maps. The effect of intermittency
between the amplitude and phase chimera states is revealed. The analysis of mutual spatial correlation
functions is conducted for the indicated types of chimera states and their peculiarities are discussed.
We reveal a bifurcation mechanism by analyzing the evolution of snapshots and space-time profiles
with varying coupling coefficient and formulate the necessary and sufficient conditions for realizing the
chimera states in the ensemble.
A.V.S. acknowledges support from RSF (grant No. 16-12-10175). E.S. acknowledges support from
SFB910. S.G.I. acknowledges support from the Russian Ministry of Education and Science (project
No. 1008).

2

Stochastic Modeling of Slow Granular Flows
Bakarji J. N., Tartakovsky D. M.
University of California San Diego
jbakarji@ucsd.edu
Granular media exhibit complex behavior as they undergo phase transition from elasto-plastic to
viscoelastic regime. We develop a stochastic model to capture the coupling of local plastic deformations and nonlocal stress waves along force chains in dense slow deformations. A combination of
fluctuations in the velocity field and a stochastic differential equation describing force waves along connected particles is used. The model explains the nonlocal Helmholtz-like behavior of fluidity recently
predicted in the literature. Finally, we study the stability of large pores in a granular medium under
compaction to show the presence of bifurcations depending on pore size and distribution.

Bifurcations of periodic solutions of a generalized Hill problem
Batkhin A. B.
Keldysh Institute of Applied Mathematics
batkhin@gmail.com
We consider a generalization of the well-known celestial mechanics problem – Hill problem. This
generalization allows to connect families of periodic solutions of the Kepler problem in uniformly
rotating frame with corresponding families of the Hill problem. Bifurcations of the libration points and
main families of periodic orbits of the Kepler problem are described.
Hamiltonian of the generalized Hill problem (briefly GHP) is
(
)
)
1( 2
1
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2
2
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y + y2 + x2 y1 − x1 y2 −
+ ε −x1 + x2 ,
2 1
|x|
2
where x and y are vectors of coordinates and momenta correspondingly and parameter ε ∈ [0; 1]. For
ε = 0 one gets the Kepler problem in uniformly rotating frame (sinodical Kepler problem or SKP
shortly), which is an integrable one. For ε = 1 one gets the Hill problem, which is an nonintegrable.
Bifurcations of families of symmetric periodic solutions of the SKP are considered under the Hill
problem bifurcation with the help of the normal forms methods. It is shown that the union of the family
Id of direct circular orbits and the countable set of families of doubly symmetric elliptic orbits EN ,
N = (p + 1)/p or N = (p + 1)/(p + 2), where p is an odd positive number, forms a common family,
which characteristic is a kind of labyrinth curves in coordinates a – big semiaxis and e – eccentricity
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of elliptic orbit. We denote these families with IdE + and IdE − correspondingly. Some parts of the
curve IdEp+ , where p = 2k − 1, were numerically continued into the corresponding families of doubly
symmetric periodic solutions of the Hill problem.
Numerical investigation shows that for p > 1 the part IdEp+ can be continued into the doubly
periodic family of the Hill problem. Such family contains orbits which make flyby the libration points
L1 and L2 in a such order: k − 1 revolutions around the L1 and then k − 1 revolutions around the L2 .

A simulation model of population dynamics taking into account nonlocal interactions
Belotelov N.V.
Institution of RAS Dorodnicyn Computing Centre, Moscow
belotel@mail.ru
The paper proposed a computer model describing the spatio-temporal dynamics of populations of
interacting with a renewable resource. Described in detail the life cycle of individuals. The proposed
algorithm for spatial movement of individuals within the area, taking into account nutritional and social
activity. Model population consists of a set of individuals. Each individual is characterized by its
mass, which we regard as a kind of "energy" which is spent in various physiological processes such as
movement, reproduction and others. The model takes into consideration basal metabolism, the energy
cost of movement, birth and feeding the offspring is taken into account the change in "energy efficiency"
functioning in aging individuals. The main purpose of the simulation is to study the impact of different
ecological and physiological parameters describing the individual, the formation of various spatiotemporal modes of behavior of the population. Of particular interest is the modeling gregarious and
territorial animal behavior and the influence of the mobility of individuals. The described computational
experiments with the model, which simulate the movement of animals within the area, and describes
a simulation experiment when group type of animal behavior due to changes in the characteristics of
the environment becomes an individual, then due to changes in environmental parameters and animal
behavior formed the herd in the future goes back to gang-type behavior.
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Stabilization of hyperbolic Plykin attractor by the Pyragas method
Belyakin Sergey1 , Dzhanoev Arsen 1 , Kuznetsov Sergey 2
1

Physics of Faculty, State University of Moscow, Moscow 119991(2), Russia

2

State University of Saratov, Russia

In the present contribution consideration is being given to an autonomous physical system which is
characterized by the presence of the attractor of a hyperbolic type. We study the possibility of controlling and stabilizing the Plykin attractor of this type by the Pyragas method. The choice of the method
of control. As such it is possible to use an external signal or the introduction of additional delayed
feedback. (Both methods can be realized primarily during the schematic simulation then in a real experiment). It might also be interesting to think about the realization of a more complicated scheme of
control of the type suggested in the work for the stabilization of unstable periodic orbits belonging to
the attractor.

Shilnikov bifurcation in certain systems
Belykh V.N.
Volga Academy of Water Trasportation, Nizhny Novgorod
belykh@ac.unn.ru
In this talk we present several systems from applications for which it is proven the existence of
Shilnikov bifurcations of different homoclinic orbits (HO). Namely, Shilnikov-Gavrilov-Gonchenko
bifurcations of HO of periodic orbits; Shilnikov-Afraimovich-Bykov bifurcations of HO in Lorenz type
systems; Shilnikov bifurcations of HO of the saddle-focus. Besides, the examples of certain systems
having wild attractors are presented.
This work is supported by RFBR, Grant No 15-01-08776.

Bifurcations and crowd dynamics on a wobbly bridge
I. Belykh, R. Jeter, V. Belykh
Neuroscience Institute Georgia State University, USA
ibelykh@gsu.edu
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Time-delayed control of stability for periodic solution
Bogaevskaya V.G.
Yaroslavl State University
BogaevskayaVG@yandex.ru
We consider the differential equation that originates in normal form for Andronov-Hopf bifurcation
in case of pure imaginary eigenvalues:
ż = σz + γ|z|2 z.

(3)

Here z(t) has complex values; γ and σ are given complex constants. Let represent σ as λ + iδ. It is
possible to make λ = ± 12 using normalization by time and variable z.
The system (1) has unstable periodic solution z∗ (t) = ρ∗ eiφ∗ t where period is T∗ .
√
−λ
λImγ
2π
ρ∗ =
, φ∗ = δ −
and T∗ =
,
Reγ
Reγ
φ∗
if λ · Reγ < 0 and λ < 0.
We investigate the ways to change stability of periodic solution using time-delayed feedback control. We research two types of the control that has one and two delays accordingly:

ż = σz + γ|z|2 z + K(z(t − T ) − z).

(4)

ż = σz + γ|z|2 z + K1 (z(t − T1 ) − z) + K2 (z(t − T2 ) − z).

(5)

We take T , T1 and T2 real and positive. K, K1 and K2 are complex.
Our goal was to determine areas of initial system parameters (γ and σ) for which stabilization is
impossible and find appropriate values of control parameters to stabilize the solution otherwise.
For the system with one delay (2) the problem was analytically solved completely and areas of γ
and σ that are available for stabilization have been determined [1]. For the system with two delays
(3) we analytically found D-partitions for pairs of control parameters [2]. In this case the issue of
the solution stability was investigated through specially developed computer program for automatic
D-partition analysis.
[1] Bogaevskaya V.G., Kashchenko I.S. Influence of Delayed Feedback Control on the Stability of
Periodic Orbits // Automatic Control and Computer Sciences, 2014, Vol. 48, No. 7, pp. 478-487
[2] Bogaevskaya V.G., Kashchenko I.S. Cycle Stabilization by One and Two Delay Feedback Control // Nonlinear Phenomena in Complex Systems, vol. 18, no. 2 (2015), pp. 175 - 180
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Classification of constrained differential equations
embedded in the theory of slow fast systems
H. Broer
Groningen Univ., Netherlandes
broerhw@gmail.com

Formation Of Attractors In The System Of Phase Equations
With Symmetry Violation
A.Zh. Chekmareva, A.P. Kuznetsov, A.V. Savin
Saratov State University, Saratov, Russia
chekmareva.aliya@mail.ru
We consider a chain of coupled phase oscillators [1] :
ψ˙k = ∆k + εf (ψk−1 + εf (ψk+1 − 2εf (ψk ),
where ψk is the difference of phases of neighbour oscillators and f (ψ) is the coupling function. These
equations are reversible and invariant relatively to the coordinate transformation ψk → π − ψn−k if the
coupling function contains only odd Fourier harmonics (i.e. f (ψ) = sin ψ + A sin 3ψ ) . It is known
[2,3] that dynamic of such systems can be conservative relatively to the invariant manifold.
We add even harmonics to the coupling function and study the effect of symmetry breaking on the
dynamics of this system. We consider f (ψ) = sin ψ + (A − d) sin 3ψ + d sin 2ψ as the coupling
function so d is the symmetry breaking parameter.
To investigate dynamics of system we obtained numerically the Poincare map with the symmetric
plane ψ2 = π/2 as a section plane. We reveal that the stable cycles of different periods appear with
the increase of the parameter d and ε. We obtain the stable and unstable manifolds of saddle cycles and
show that heteroclinic structures exist.
We revealed that both regular (cycles and invariant curves) and strange attractors occur in the
Poincare map plane when the symmetry violated. Also we calculated the dependencies of Lyapunov
exponents of the parameter of the system and revealed that the largest Lyapunov exponent demonstrates
often and sharp changes with the change of parameters which means that both bifurcations (such as the
birth of resonant cycle on the invariant curve) and crises occur in this system.
1. D. Topaj, A. Pikovsky. //Physica D, 170 (2002), p.118
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2. Lamb, J.S. W. and Stenkin, O.V. //Nonlinearity, 2004, vol.17, no.4, p. 1217.
3. Delshams, A. et al. //Nonlinearity, 2013, vol.26, no.1, p. 1

Finding first foliation tangencies in the Lorenz system
Creaser, J. L., Krauskopf, B., Osinga, H. M.
The University of Exeter
j.creaser@exeter.ac.uk
The well-known Lorenz system is classically studied via its reduction to the one-dimensional
Lorenz map, which captures the full behaviour of the dynamics of the system. The reduction requires
that the stable and unstable foliations on the classic Poincaré section are transverse locally near the
chaotic attractor. When this so-called foliation condition fails for the first time the Lorenz map no
longer accurately represents the dynamics. We investigate the development of tangencies between the
stable and unstable foliations in the Poincaré return map, the first of which marks the loss of the foliation condition. To this end, we study how the three-dimensional phase space is organised by the global
invariant manifolds of saddle equilibria and saddle periodic orbits, where we make extensive use of the
continuation of orbit segments formulated by a suitable two-point boundary value problem (BVP). In
particular, we compute the intersection curves of the two-dimensional unstable manifold W u (Γ) of a
periodic orbit Γ with the Poincaré section. We identify when hooks form in the Poincaré map by formulating as a BVP the point of tangency between W u (Γ) and the stable foliation. This approach allows
us to accurately and efficiently detect additional foliation tangencies for larger values of the system
parameters.

Delays can stabilise up-states in recurrently coupled neural networks
Esir P.M., Simonov A.Yu, Gordleeva S.Yu.
Lovchevsky State University of Nizhny Novgorod
esir.pavel@gmail.com
Bistable activity of neurons is observed in numerous of experiments [1] Dynamics of single or pair
of neurons with unidirectional chemical synapses were studied in previous works [2-3]. In this work we
focus on studying the dynamics of ensemble of recurrently coupled bistable Hodgkin-Huxley neurons,
with addition of coupling delays and Poisson noise. The neurons were distributed in a volume and
had delays proportional to distance between them. Incoming noise pulses to each of neuron can evoke
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transitions of individual neurons from oscillatory state to steady state and vice versa so named on-off
firing pattern. We found that such kind of on-off firing patterns is observed also in mean firing rate of
whole network. Durations of staying in the different stable states for big time scales have exponential
statistics, which is essential for bistable elements in the presence of noise, while for small times scales
the statistics obey power law function. When the noise was switched off, the system moved to steady
state in which partially synchronization between part of neurons is observed. In the case of absence
of connection delays this phenomena cannot be observed, mean firing rate of whole network does not
demonstrate two distinct states. We conclude that delays play important role in neural systems where
on-off firing patterns is observed. And by using Phase Response Curve generalized for two stimuli we
explain this effect.
The work is supported by The Russian Science Foundation No.14-11-00693. Calculations were
performed on cluster ’Lobachevsky’ of Lobachevsky University.
1. Huaguang, G., Zhiguo, Z., Bing, J., Shenggen, C. (2015). Dynamics of On-Off Neural Firing
Patterns and Stochastic Effects near a Subcritical Hopf Bifurcation. Plos One, 10(4)
2. Kazantsev, V. B., Asatryan, S. Y. (2011). Bistability induces episodic spike communication
by inhibitory neurons in neuronal networks. Physical Review E Statistical Nonlinear and Soft Matter
Physics
3. Simonov, A. Y., Gordleeva, S. Y., Pisarchik, A. N., Kazantsev, V. B. (2014). Synchronization
with an arbitrary phase shift in a pair of synaptically coupled neural oscillators. JETP Letters, 98(10),
632-637

Stability of some periodic orbits in a circle billiard with a small interior scatterer
Fain V.
University of Bristol, UK
vf13950@bristol.ac.uk

On the global minimum of the binary Weierstrass function
Galkin O.E., Galkina S.Yu.
Lobachevsky state university of Nizhni Novgorod. Institute ITMM
olegegalkin@ya.ru
In 1872, K. Weierstrass [1] introduced his function Wa,b by a series:
Wa,b (x) =

∞
∑

an cos(π · bn x),

n=0
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x ∈ R.

He proved that this function is everywhere continuous but nowhere differentiable, under condition
0 < a < 1 , b is an odd integer, and ab > 1 + 3π/2. In 1916, G.H. Hardy [2] showed with fewer
assumptions 0 < a < 1, ab ≥ 1 that Weierstrass function Wa,b is nowhere differentiable and Hölder
continuous of order log1/a (b) everywhere.
We call binary Weierstrass function the function Wa = Wa,b with b = 2. In this paper we study the
global minimum of the function Wa for different values of a. We proved:
Theorem. 1) If 1/2 ≤ a < 1 then the global minimum of Wa on [0; 2] is achieved only at the points
2/3, 4/3 and is equal to 1/(2a − 2).
2) If 0 < a < 1/8 then the global minimum of Wa on [0; 2] is achieved only at the point 1 and is
equal to (1 − 2a)/(a − 1).
3) If 1/8 < a < 1 then 1 is not the point of global minimum of Wa on [0; 2].
(
)
4) If a = (sin2 (2π/7) + 4 sin(π/7) sin(4π/7))1/2 − sin(2π/7) /(4 sin(4π/7)) ≈ 0.1887 then
the global minimum of Wa on [0; 2] is achieved only at the points 6/7, 8/7 and is equal to (cos(π/7) −
a cos(2π/7) − a2 cos(4π/7))/(a3 − 1).
[1] Weierstrass K. Über continuirliche Functionen eines reelles Arguments, die für keinen Werth des
letzteren einen Bestimmten Differentialquotienten besitzen. // Königl. Akademie der Wissenschaften.
Berlin, July 18, 1872. Reprinted in K. Weierstrass, Mathematische Werke II, pp. 71-74, Johnson, New
York, 1967.
[2]. Hardy G. H. Weierstrass nondifferentiable function. // Trans. Amer. math. soc. 1916. 17. P.
301-325.

The radar aspect of electron wave function
A. Gavrilin
N. Novgorod State University, Russia
Offered before author’s interpretation of a scalar microparticle wave function as the projection of the
signal reflected from the microparticle on the probe one, which understood as elements and operation
on them in Hilbert space, is generalized to the case of the microscopic object with internal geometry
and electromagnetic signals with certain circular polarization (helicity).
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Magnetic dipole vs bimonopole
A. Gavrilin
N. Novgorod State University, Russia
Absence of direct experimental evidences is established in favor of presence at the electron of own
mechanical moment, because for description of motion of his centre-of-mass in the external magnetic
field of magnetic enough moment.
The classic model of electron is offered in form two coupled magnetic monopoles of opposite signs.
Identification of effective brachium of this bimonopole with the classic radius of electron generates the
value of magnetic charge, revealed by Dirac from the tenets of quantum mechanics.

Effect of intratrophic predation and spatial activity of
zooplankton on the Turing instability in NPZ-model
Giricheva E.E.
Institute of Automation and Control Processes FEB RAS, Vladivostok, Russia
evg.giricheva@yandex.ru
A vertically distributed three-component model of marine ecosystem is considered. State of the
plankton community with nutrients is analyzed under the active movement of zooplankton in a vertical
column of water. The components dynamics is described by the reaction-diffusion-advection equations. Movement of matter and organisms in depth is described by the turbulent diffusion. Directional
movement of zooplankton (prey-taxis) is described by the advective terms.
The possibility of pattern formation is studied. Linear stability analysis of NPZ-model is needed to
understand how the vertical mixing and search activity of zooplankton affect the biological dynamics.
Analytical and numerical model studies have led to the following results. Stability of the spatially
homogeneous equilibrium, the Turing instability and the oscillatory instability are examined depending
on the phytoplankton uptake rate of zooplankton and density-dependent death of zooplankton. We were
obtained the necessary conditions of the Turing instability in the vicinity of the spatially homogeneous
equilibrium. If the consumption of phytoplankton is low the formation of spatial patterns is possible at
low rates of zooplankton intratrophic predation and diffusion. With the increase in zooplankton grazing
rate impact of this coefficient on the spatial instability becomes less than impact of phytoplankton
diffusion and spatial movement of zooplankton.
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Dynamics of modular exponent and the Higman group
Lev Glebsky
IICO-UASLP
glebsky@cactus.iico.uaslp.mx
Consider the dynamical system f : Zn → Zn , where Zn = {0, 1, ·, n − 1} is the ring of residues
modulo n and f defined as
f (x) = Cq x mod n.
This function is supposed to be a one-way function (at least for some values of q, n) and has an extensive
use in the cryptography. One may consider f as a finite dynamical systems and study the trajectories
xi+1 = f (xi ). Of course, all limit trajectories are just periodic ones. Suppose that f indeed a one-way
function, then the number of “small” (relative to n) periodic trajectories should be small (relative to n).
As far as I know there are no good estimation for the number of k-periodic trajectories for k ≥ 4.
I show that there exist an “almost modular exponent” f for q ̸= 2 such that for all x ∈ Zn
f (f (f (f (x)))) = x. Precisely, for any q > 2 for any ϵ > 0 there exists Nϵ such that for any n > Nϵ
there exists f (x) = C(x)q x mod n such that
• f (f (f (f (x)))) = x
•

|{x∈Zn | C(x)=C(x+1)}|
n

≥ 1 − ϵ.

Probably, it is related with difficulty of estimating the number of short cycles in modular exponent. The
proof of the existence of such an almost exponent based on properties of the Higman groups and does
not work for q = 2. The talk is based on preprints:
• Harald A. Helfgott, Kate Juschenko, Soficity, short cycles and the Higman group, arXiv:1512.02135.
• Lev Glebsky, p-quotients of the G.Higman group, arXiv:1604.06359.

Variety of strange pseudohyperbolic attractors
in three-dimensional generalized Hénon maps
Gonchenko A.S.
Nizhny Novgorod State University, Russia
agonchenko@mail.ru
In this talk we focus on the problem of the existence of strange pseudohyperbolic attractors for
three-dimensional diffeomorphisms. Such attractors are genuine strange attractors in that sense that
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each orbit in the attractor has a positive maximal Lyapunov exponents and this property is robust, i.e.
it holds for all close systems. We restrict attention to the study of pseudohyperbolic attractors that
contain only one fixed point. Then we show that three-dimensional maps may have only 5 different
types of such attractors, which we call the discrete Lorenz, figure-8, double-figure-8, super-figure-8,
and super-Lorenz attractors. We find the first four types of attractors in three-dimensional generalized
Hénon maps of form x̄ = y, ȳ = z, z̄ = Bx + Az + Cy + g(y, z), where A, B and C are parameters
(B > 0 is the Jacobian) and g(0, 0) = g ′ (0, 0) = 0.

Strange attractors in three-dimensional nonorientable Henon maps
Gonchenko A.S., Kozlov A.D.
Lobachevsky State University of Nizhny Novgorod, Russia
agonchenko@mail.ru, kozzzloff@list.ru
We consider the problem of the existence of discrete strange homoclinic attractors (that contains
only one fixed point) for three-dimensional nonorientable diffeomorphisms. We show that 6 different
types of such discrete nonorientable attractors can exist: we call them a "skinny" Lorenz attractor (sLA),
double Lorenz attractor (dLA), figure-8 attractor (8A), double figure-8 attractor (d8A), spiral attractor
(SpirA), Shilnikov attractor (ShA). We found the attractors of four types (sLA, d8A, SpirA and ShA) in
three-dimensional generalized Hénon maps of form x̄ = y, ȳ = z, z̄ = Bx + Az + Cy + g(y, z), where
A, B and C are parameters (B is the Jacobian and B < 0). We consider the case where g(0, 0) =
gy (0, 0) = gz (0, 0) = 0 and search attractors that contain the fixed point O(0, 0, 0).

Bifurcations of cubic homoclinic tangencies in two-dimensional symplectic maps
Marina Gonchenko (joint work with Sergey Gonchenko and Ivan Ovsyannikov.)
mgonchenko@gmail.com
We study bifurcations of cubic homoclinic tangencies in two-dimensional symplectic maps. The
method we use is based on the construction of first return maps near a given nontransversal homoclic
orbit. We distinguish two types of cubic homoclinic tangencies, and each type gives different first
return maps derived to diverse conservative cubic Hénon maps. We analyse bifurcation diagrams of the
cubic Hénon maps paying special attention to the problem of 1:4 resonance. In this way, we establish
the structure of bifurcations of periodic orbits in two parameter general unfoldings generalizing to the
conservative case the results previously obtained for the dissipative case.
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Elements of contemporary theory of dynamical chaos
Sergey Gonchenko
Nizhny Novgorod State University, Russia
sergey.gonchenko@mail.ru
The presentation consists of two lectures.
Lecture 1. Three types of dynamical chaos.
Lecture 2. Elements of modern theory of strange attractors.
In Lecture 1 we discuss new concept of dynamical chaos based on the existence of three independent
form of chaos: conservative chaos, strange attractor and mixed dynamics. Two first forms of chaos are
well-known, while the mixed dynamics is rather new. Formally, such classification appears by the
following principle: conservative chaos – attractor and repeller coincide; strange attractor (repeller)
– attractor and repeller do not intersect; mixed dynamics – attractor and repeller intersect but do not
coincide. We give mathematical concept for all three forms of chaos based on the Anosov-ConleyRuelle theory of chaos and notion of ε-orbit. Main attention will be paid to the mathematical concept
of mixed dynamics. Partial topics of this theory and more concrete examples will be also presented on
this conference in talks by A. Kazakov and T. Lazaro (Wednesday).
In Lecture 2 we present some elements of modern theory of strange attractors. We divide all attractors into two classes: quasiattractors and wild (pseudo)hyperbolic attractors. In particular, pseudohyperbolic attractors (or, another term, volume hyperbolic attractors) include hyperbolic and Lorenz
attractors but can contain homoclinic tangencies and, hence, Newhouse wild hyperbolic sets. However,
bifurcations of these homoclinic tangencies do not lead to the birth of periodic sinks (quasiattractors,
conversely, allow the birth of periodic sinks, by definition). The theory of wild pseudohyperbolic attractors was laid by Turaev and Shilnikov [1,2] and we discuss some elements of this theory and give several
examples of such attractors for three-dimensional Hénon-like maps. Closely related topics will be also
presented in talks by K. Shinohara, I. Ovsyannikov, A. Gonchenko (Monday), A.Kazakov–I.Sataev
(Tuesday) and A.Gonchenko–A.Kozlov (poster-session).
[1] D.V.Turaev and L.P.Shilnikov, An example of a wild strange attractor.- Sb. Math., 1998., v.189,
No.2, 137–160.
[2] D.V. Turaev, L.P. Shilnikov, Pseudohyperbolicity and the problem on periodic perturbations of
Lorenz-like attractors.- Russian Dokl. Math., 2008, v.467, 23–27.
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On dynamical systems on surfaces and Anosov-Weil theory
Grines V., Zhuzhoma E.
National Research University Higher School of Economics, Nizhny Novgorod
vgrines@yandex.ru, zhuzhoma@mail.ru
Roughly speaking, Anosov-Weil Theory includes the following two parts:
- a study of nonlocal asymptotic properties of simple curves on a surface by lifting these curves to
an universal covering, and making a ”comparison” in a sense with lines of constant geodesic curvature;
- an application of nonlocal asymptotic properties for constructions of topological invariants for
surface dynamical systems and foliations.
Especially this approaching turned up effective for dynamical systems with nontrivially recurrent
motions and nontrivially recurrent invariant manifolds. The most known of such dynamical systems are
pseudo-Anosov homeomorphisms, Anosov and DA diffeomorphisms and foliations with nontrivially
recurrent leaves.
Our report is devoted to exposition of main aspects concerning Anosov–Weil Theory.
The publication was supported by the Russian Foundation for Basic Research (projects no. 15-0103687-a, 16-51-10005-m_a), Russian Science Foundation (project no 14-41-00044), the Basic Research
Program at the HSE (project 98) in 2016.

Towards the global bifurcation theory on the plane
with a nonsingular endomorphism of circle
Yu. Ilyashenko
NRU HSE, Cornell University, IUM
yulijs@gmail.com
The talk provides a new perspective of the global bifurcation theory on the plane. Theory of planar
bifurcations consists of three parts: local, nonlocal and global ones. It is now clear that the latter one
is yet to be created. Local bifurcation theory (in what follows we will talk about the plane only) is
related to transfigurations of phase portraits of differential equations near their singular points. This
theory is almost completed, though recently new open problems occurred. Nonlocal theory is related
to bifurcations of separatrix polygons (polycycles). Though in the last 30 years there were obtained
many new results, this theory is far from being completed. Recently it was discovered that nonlocal
theory contains another substantial part: a global theory. New phenomena are related with appearance
of the so called sparkling saddle connections. The aim of the talk is to give an outline of the new
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theory and discuss numerous open problems. The main new results are: existence of an open set of
structurally unstable families of planar vector fields, and of families having functional invariants (joint
results with Kudryashov and Schurov). Thirty years ago Arnold stated six conjectures that outlined
the future development of the global bifurcation theory in the plane. All these conjectures are now
disproved. Though the theory develops in quite a different direction, this development is motivated by
the Arnold’s conjectures.

On semiconjugacy of the Wiliams endomorphism
with a nonsingular endomorphism of circle
N. V. Isaenkova
MVD academy of Nizhny Novgorod, Russia
nisaenkova@mail.ru
It is shown that a nonsingular Williams endomorphism of a one-dimensional branched manifold
with two branching points is semi-conjugate to a non-singular endomorphism of a circle of degree 3.
This allows us to obtain a partial description of the non-wandering set of the Williams endomorphism.
In particular, we infer from the main result that if the endomorphism is not a uniformly expanding
immersion, then its nonwandering set contains an invariant Cantor set.

Adiabatic approximation of the resonance capture
Kalyakin L.A.
Institute of mathematics RAN, Ufa
Mathematical model of capturing in resonance is reduced to some system of nonlinear ordinary differential equations with slow varying coefficients. There are different approach to analyse the problem
by two scale expansions. The most famous method is adiabatic approximation. We discuss a lack of
this approach in the case of small amplitude pumping. The cyclotron resonance is considered as an
example from the physics.

Local dynamics of second-order equation with large delay
Kashchenko I.
Yaroslavl State University
iliyask@uniyar.ac.ru
Consider second-order nonlinear equation
d2 x
dx
+σ
+ x = ax(t − T ) + F (x(t − T ))
2
dt
dt
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with large delay (T ≫ 1). Here x ∈ R, σ > 0 and F is smooth nonlinear function. Let study the
stability of zero equilibrium and its bifurcations.
Its stability depends of location of roots of characteristic equation
λ2 + σλ + 1 = a exp(−λT ).
√

2, a = ±1) infinite number
√
of roots tend to imaginary axis when delay tends to infinity. At the second one (σ < 2, a = ±a(σ))
There are two types of critical cases. At the critical case of first type (σ >

each root has the limit in left complex half-plane, but for sufficiently large delay there are exist root λ
with small real part. The number of such λ is unbounded. So, all critical cases have infinite dimension.
In critical cases the method of research based on method of normal forms. The main idea is to
built special equations (we call it quasinormal forms) with help of some asymptotic substitution. These
equations describes behaviour of solutions of initial problem. In the both critical cases quasinormal
forms are parabolic equation without small or large parameters.
In the critical of first type, equilibrium state loss stability and periodic solutions may born during
bifurcation. The number of such solutions may be any for sufficiently large T . In the critical case of
second type again periodic solutions may born, but the frequency of these solutions is asymptotically
large.

On the phenomenon of mixed dynamics in Pikovsky-Topaj system of coupled rotators
A.O. Kazakov1,2
1

National Research University Higher School of Economics, Nizhny Novgorod
2

Nizhny Novgorod State University
kazakovdz@mail.ru

A one-parameter family of time-reversible systems on 3-torus is considered. It is shown that the dynamics is not conservative, namely the attractor and repeller intersect but not coincide. We explain this
as the manifestation of the so-called mixed dynamics phenomenon which corresponds to a persistent
intersection of the closure of stable periodic orbits and the closure of the completely unstable periodic
orbits. We search for the stable and unstable periodic orbits indirectly, by finding non-conservative
saddle periodic orbits and heteroclinic connections between them. In this way, we are able to claim
the existence of mixed dynamics for a large range of parameter values. We investigate local and global
bifurcations that can be used for the detection of mixed dynamics.
The work was supported by Basic Research Program in HSE in 2016 (project 98).
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Scenarios of transition to chaos and evolution of strange attractors
in the nonholonomic model of Chaplygin top
A.O. Kazakov1 I.R. Sataev2,3
1
2

National Research University Higher School of Economics, Nizhny Novgorod

Kotel’nikov’s Institute of Radio-Engineering and Electronics of RAS, Saratov Branch
3

Udmurt State University, Russia
kazakovdz@mail.ru

We consider the motion of a dynamically asymmetrical ball on a plane in the gravity field. The
center of mass of the ball does not lie on any planes of inertia, and the point of contact of the ball with
the plane is subject to a nonholonomic constraint which forbids slipping. Following [1] we call such a
ball Chaplygin top.
Our interest in nonholonomic models is caused by the fact that (as was shown in previous studies
[2,3]) such systems exhibit a wide variety of new interesting examples of strange attractors that are
typical for the three-dimensional maps [4]. The aim of this study is to investigate the typical scenarios
of the appearance and evolution of strange attractors in the nonholonomic model of Chaplygin top.
We show that the nonholonomic model of Chaplygin top demonstrates a comprehensive variety of
scenarios of transition to chaos, in particular, torus attractors breakup in accordance with the mechanism
of Afraimovich-Shilnikov [5], Feigenbaum cascade inside the synchronization domain, and via torus
doubling cascade [6]. In addition, the model exhibits some typical sequences of bifurcations of regular
and chaotic attractors, which include the above basic scenarios of tori destruction as their stages. Several
examples of such metascenarios are discussed, one of them results in a discrete heteroclinic Shilnikov
attractor [4].
The work of I.S.Sataev and A.O.Kazakov was supported by RSF grant No 15-12-20035. Also
A.O.Kazakov was supported by Basic Research Program in HSE in 2016 (project 98).
[1] Shen J., Schneider D. A., Bloch A. M. Controllability and motion planning of a multibody Chaplygin’s sphere and Chaplygin’s top// Int. J. Robust Nonlinear Control, 2008, vol. 18, no. 9, pp. 905-945.
[2] Borisov A. V., Jalnine A. Y., Kuznetsov S. P., Sataev I. R., Sedova, J. V. Dynamical phenomena
occurring due to phase volume compression in nonholonomic model of the rattleback // Regular and
Chaotic Dynamics, 2012, v. 17(6), 512-532.
[3] Gonchenko A. S., Gonchenko S. V., Kazakov A. O. Richness of chaotic dynamics in nonholonomic models of a Celtic stone // Regular and Chaotic Dynamics, 2013, v. 18(5), 521-538.
[4] Gonchenko A., Gonchenko S., Kazakov A., Turaev D. Simple Scenarios of Onset of Chaos in
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Three-Dimensional Maps// International Journal of Bifurcation and Chaos. 2014. vol. 24. no. 08.
[5] Afraimovich V. S., Shilnikov L. P. Invariant Two-Dimensional Tori, Their Breakdown
and Stochasticity// Methods of qualitative theory of differential equations. University Gorky. 1983. pp.
3-25.
[6] Arneodo A., Coullet P. H., Spiegel E. A. Cascade of period doublings of tori// Physics Letters
A. 1983. vol. 94. no. 1. pp. 1-6.

The application of modified Lagrange’s and Hamilton’s equations
for systems with energy dissipation
Kitaev A.E.
SKB RIAP
kitaev_a_e@mail.ru
In this paper the modification of Lagrange’s mechanics (making it applicable for systems with
friction) is proposed. We consider the lagrangian in vector form for 3-dimensional case:
L=

m⃗r˙ 2
− u(⃗r, t) + f⃗(⃗r, t)⃗r˙
2

,

(1)

where f⃗ is a special type of vector potential (and u is ordinary scalar potential). It is possible to receive
the Hamilton’s function by means of the standard procedure of Legendre transformation:
H=
⃗ =
where R

∂L
∂⃗
r˙

⃗ − f⃗)2
(R
+ u,
2m

(2)

= m⃗r˙ + f⃗ is the generalized momentum. The standard Lagrange’s equations are

replaced with the next equations:
d˜ ∂L(t, ⃗r, ⃗r˙ )
∂L(t, ⃗r, ⃗r˙ )
(
)−
= 0.
dt
∂⃗r
∂⃗r˙

(3)

The difference is that the total derivative on time is replaced with derivative of special kind (designated
by the “tilde” over the letter “d”). It is expressed by the next formula:
d˜
d
⃗ ∇)(...),
(...) = (...) − (V
dt
dt

(4)

⃗ is velocity. The similar changes for the Hamilton’s equations are entered: the replacement of
where V
the total derivative of the generalized momentum with the derivative (4). By means of these innovations
we can receive the expression
⃗
⃗
dE
⃗ {(V
⃗ ∇)R}
⃗ −V
⃗ ∂ f + ∂u = V
⃗ {(V
⃗ ∇)f⃗} − V
⃗ ∂ f + ∂u
=V
dt
∂t
∂t
∂t
∂t
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for the rate of energy change.
1. Goldsteyn G. Klassicheskaya mechanika. Moskow: Nauka, 1975. (rus)
2. Landau L.D., Lifshits E.M. Mechanika. Moskow: Nauka, 1988. (rus)

Effect of optimal harvesting on the genetic diversity and
dynamics of a mendelian limited population
Kolbina E.A.
Institute of Automation and Control Processes
pavlova@iacp.dvo.ru
The purpose of work is the description and research of the simplest model situation in which the
patterns of interrelated changes in the dynamics of the genetic structure and the population size are
induced by interactions of evolutionary (mainly selective) and ecological (limiting population growth)
factors, including the effects of harvesting on exploited populations. An example of such a model system is a diploid Mendelian panmictic population in which the genetic diversity is controlled by a single
diallele locus (with alleles A and a) and ecological limitation is reduced to a decreasing dependence of
adaptation on the population size and impact of harvesting - to withdrawal of part of individuals.
The designations used are the following: xn , the population size in the n-th generation; qn , the
frequency of allele A in the n-th generation (hence, (1 − qn ) is the frequency of allele a); WAA (n),
WAa (n) and Waa (n) the fitnesses of the genotypes AA, Aa and aa, respectively, in the n-th generation,
u - proportion of withdrawal . The system of recurrence equations used to describe the changes in the
size and genetic structure of the population is as follows:

 xn+1 = W n (xn )xn (1 − u),
 q
n+1 = qn (WAA (xn )qn + WAa (xn )(1 − qn )) /W n (xn ),
where W n (xn ) = WAA (xn )qn2 + 2WAa (xn )qn (1 − qn ) + Waa (xn )(1 − qn )2 is the mean fitness of the
population of the n th generation. We hypothesize that fitnesses linearly depend on the population size
Wij = 1 + Rij −

Rij
Kij x.

Each genotype is characterized by its resource (Kij ) and Malthusian (Rij ) parameters. To simplify
mathematical manipulations, let us additionally assume that all genotypes have the same fitness at a
certain population size (x∗ ).
Equilibrium values of population size and frequency frequency of allele the models providing the
maximum volume of withdrawal are found.
It is shown that the linear form of the fitness function and described relations between the parameters
of stationary model genetic makeup does not depend on the number of stationary values. It is shown
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that the conditions for the existence of equilibrium values generally in the absence of harvesting and its
effects are the same.
Numerical study of the impact of harvesting with the constant of withdrawal on the dynamics of
populations showed that the at a harvesting with an any optimal withdrawal proportion leads to a stabilization of the population size and the frequency of allele A. In addition, it is shown that the harvesting
with an optimal withdrawal proportion the population size remains at the equilibrium level at any values of model parameters, but harvesting can lead to changes in genetic composition case any of the
optimal proportion of withdrawal translates equilibrium population size through x∗ . Thus, harvesting
can cause changes to the selection results and cause destruction or contribute to the maintenance of
polymorphism.
Therefore, the optimal harvesting may change the conditions of natural selection and not only result in changes in the dynamics of the exploited population, but also change the direction of genetic
evolution.

Inertial manifolds for reaction-diffusion-advection problems
in a ring of nonlocally coupled logistic maps
Kostianko A.
Surrey Univ., UK

Transformations of cluster basins and phase space
in a ring of nonlocally coupled logistic maps
Kulakov M.P.
Institute for complex analysis of regional problems of
the Russian Academy of Sciences, Far Eastern branch (ICARP FEB RAS)
k_matvey@mail.ru
Coupled map lattice are actively used in various sciences. For example these are systems of coupled
neurons, populations of animals, people groups of different status or living in different territories. In
this sense coupling is a flow of substances, energy, individuals, peoples or information which change
the state of both coupled elements. In this vein, the nonlocal coupling corresponds to long-range relations between oscillating elements. Increasing the coupling radius is expressed as transmission of
substance, energy and information to larger and larger distances and smoothing the differences between
distant elements. In this context of particular interest are the phenomena of long-range interactions. In
particular the patterns of clustering or cluster destruction which lead to chaotic synchronization or tur21

bulent dynamics may provide a fundamentally new explanation of the people groups formation united
by common features (eg, national, cultural or political). In this case it is important to consider not only
coupled strength, coupled radius and parameters of local dynamic but also the initial states of the single
elements (oscillators).
In this report, for discussion the results of the study of conditions leading to the formation and
destruction of cluster in the ring of nonlocal coupled maps are submitted. We consider two types of
unimodal map – the logistic and Ricker population map. The structure of phase and the parameter space
is studied at various coupling radius and values of the control parameters. It was found their design is
similar to multistable mode domains of systems coupled maps of smaller dimension (dimension is equal
to the number of clusters). It is established with increasing coupling radius the cluster domain size of
existence and stability is reduced and closer to domains of smaller dimension system. It is shown phase
space consists of embedded in each attraction basins of clusters which differ in size and location on
the ring. As a result, when we fixing the some initial state by only one kind of clusters structure (size,
location and values of each variable) it seem the existence regions of such clusters structure are much
smaller than it actually. Therefore study was conducted on different structure, shapes, location, sizes
and number of clusters. It was found three- and four- cluster states are realized in a wider range of
parameters than the two-cluster state. Analogously the domain of state with one small and one large
cluster is greater than the domain of the two equal clusters.
This research was supported by the Russian Humanitarian Scientific Foundation (project no. 1502-00259/15) “Development of theoretical concepts and mathematical modeling of demographic and
socioeconomic dynamics”.

Clustering in the linear chain and ring of
Ricker population models at the colonization of the linear area
1 Kulakov

M.P., 2 Frisman E.Ya.

Institute for complex analysis of regional problems of
the Russian Academy of Sciences, Far Eastern branch (ICARP FEB RAS)
1 k_matvey@mail.ru, 2 frisman@mail.ru

This study is devoted the study of mechanisms and pattern formation of spatial dynamics in populations which are chains of local population groups or subpopulations coupled by migration. We study
the movement of individuals in a linear area from a single and not initially empty subpopulation. Linear
form of habitat occurs for animal species whose habitat stretches along of some natural object (eg. the
river bed, valley complex, the mountainside, the boundaries between forest and meadow). The settle22

ment of the area from a single local population or colonization is observed in the case of the catastrophic
destruction of the population by almost the whole area and its further recovery from the only surviving
population. Besides, this situation is typical for new and pioneer species colonizing area.
As a model of this population we use the linear chain or ring of locally dissipative coupled Ricker
population model. It is shown the colonization of the linear area occurs in two stages. At the first one
there is an initial filling of area which is accompanied by the rapid growth of population, a series of
relaxation oscillations and the formation of a quasi-stationary dynamics when a subpopulations for a
long time hardly fluctuates. At the second one quasi-stationary dynamics collapses and stable population fluctuations are formed. On a space-time plots (number of oscillator and discrete time) these
stages look like two triangles (first – the zero population number, second – a constant, further follow
the stripes of minimum and maximum number). Under certain lengths of chain or ring the fluctuations
in different parts of the area are asynchronous and are formed clusters. In some cases subpopulation
boundary separating these clusters does not fluctuate. The latter is defined by parity or odd of number
of subpopulations in the chain or ring.
Unexpectedly the second stage of colonization completely missing at a very low coupling strength
(migration). In this case the initial filling of the area passes for much longer. Immediately thereafter
the periodic dynamics is formed which for various lengths of chains leads to clusters of different sizes
and structures. Thus there is the size and structure of the clusters dependence on chain or ring length of
population coupled by migration.
The study was partially supported by the Russian Foundation for Basic Researches, research project
No. 15-29-02658 ofi_m and Complex Fundamental Research Program “Far East”.

Hyperbolic chaos in mechanical and electronic systems
Kuznetsov S.
Saratov State University, Russia
spkuz@yandex.ru

Mixed dynamics in planar reversible maps with a symmetric couple of quadratic tangencies
T. Lazaro
Universitat Politecnica de Catalunya, Barcelona
jose.tomas.lazaro@upc.edu
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Stable dipole solitons and soliton complexes in the nonlinear
Schrödinger equation with periodically modulated nonlinearity
Lebedev M. E.,1 , Alfimov G. L.,1 , Malomed B. A.2
1 National

Research University of Electronic Technology,Moscow
2 Tel

Aviv University, Israel

gloriouslair@gmail.com, galfimov@yahoo.com, malomed@post.tau.ac.il.
Nonlinear lattices (NLs) arise nowadays in many physical applications, such as nonlinear optics
and models of Bose-Einstein condensates. In the latter case, NLs appear due to periodic modulation of
the local nonlinearity strength by means of properly patterned magnetic or optical field. This setting is
modeled by the equation of the nonlinear Schrödinger type with a periodically modulated coefficient in
front of cubic term:
iΨt + Ψxx + U (x)Ψ + P (x)|Ψ|2 Ψ = 0.
It is known that this model supports simplest (single-peaked, spatially symmetric) solitons. These
objects are stable in some interval of the respective chemical potential.
In our study we address the following two issues: (i) do there exist more complex solitons in this
model, and (ii) if yes, which of them are stable? Addressing the former issue, we have found that
the model supports a plethora of complex localized modes, that can be coded by means of bi-infinite
words of alphabet with an infinite number of symbols. Addressing the latter issue, we have found
that a majority of complex nonlinear modes are unstable. However, there are two stable species: (a)
single-peaked fundamental solitons, and (b) a new species of dipole solitons, namely, narrow spatially
antisymmetric modes, which are squeezed, essentially, into a single NL cell. The stability of these
modes is predicted, in a certain region of values of the chemical potential, by a variational approach, and
has been checked by means of the linear stability analysis, as well as by direct numerical simulations.

When rare events dominate transport: stickiness in Hamiltonian systems
Leoncini, X
Centre de Physique Théorique, Aix-Marseille Université
Xavier.Leoncini@cpt.univ-mrs.fr
In this talk I will discuss the problems related to anomalous transport and stickiness in low dimensional Hamiltonian systems. We firts introduce an exponent to characterize transport based on
convergence of finite time observable average distributions. Using tools inspired from this approach
we shall study the stickiness of regular island, and exhibit a potential problem with Kac Lemma. This
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problem actually implies that the ergodic measure is singular, leaving most of physically relevant initial
conditions associated to the invariant lebesgue measure irrelevant: rare becomes important, but this
could be as well a numerical artefact.

On dynamics of diffeomorphisms
of 3-manifold with one-dimensional surface basic sets
Levchenko Yu.A.
Nizhny Novgorod State University
ulev4enko@gmail.com
Let G be a class of diffeomorphisms of 3-manifold, such that each diffeomorphism from this class
is a locally direct product of a DA-diffeomorphism of 2-torus and rough diffeomorphism of the circle.
In this report we study dynamics of diffeomorphisms from the class G. It is proved that the class of
topological conjugacy of such diffeomorphism is completely determined by combinatorial invariants,
namely hyperbolic automorphism of the torus, a subset of its periodic orbits, the number of periodic
orbits and the serial number of the diffeomorphism of the circle.

Heterodimensional cycles born at bifurcations of Shilnikov loops
Li D.
Imperial College London, UK

Sectional Anosov flows: Existence of Venice masks with two singularities
López B, A.M.
Universidade Federal Rural do Rio de Janeiro
barragan@im.ufrj.br
A sectional-Anosov flow on a manifold M is a C 1 vector field inwardly transverse to the boundary
for which the maximal invariant is sectional-hyperbolic [3]. We say that a sectional Anosov flow is a
Venice mask if it has dense periodic orbits which is not transitive [2], [5], [4], [1].
The only known examples of venice masks have one or three singularities, and they are characterized by having two properties: are the union non disjoint of two homoclinic classes and the intersection
of its homoclinic classes is the closure of the unstable manifold of a singularity.
We provide two examples of venice masks with two singularities (with different approaches). Here,
each one is the union of two different homoclinic classes. However, for the first, the intersection of
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homoclinic classes is the closure of the unstable manifold of two singularities. Whereas for the second,
the intersection of homoclinic classes is just a hyperbolic periodic orbit.
[1] BAUTISTA , S.,

M ORALES , C. Lectures on sectional-anosov flows.

AND

http://preprint.impa.br/Shadows/SERIE_D/2011/86.html.
[2] BAUTISTA , S., M ORALES , C.,

AND

PACIFICO , M. On the intersection of homoclinic classes

on singular-hyperbolic sets. Discrete and continuous Dynamical Systems 19, 4 (2007), 761.
[3] M ORALES , C. Sectional-anosov flows. Monatshefte für Mathematik 159, 3 (2010), 253–260.
[4] M ORALES , C.,

AND

PACÍFICO , M. Sufficient conditions for robustness of attractors. Pacific

journal of mathematics 216, 2 (2004), 327–342.
[5] M ORALES , C.,

AND

PACÍFICO , M. A spectral decomposition for singular-hyperbolic sets.

Pacific Journal of Mathematics 229, 1 (2007), 223–232.

An identical period-doubling route to chaos in a family of 3-D sinusoid discrete maps
M. Mammeri
Constantine1 University, Algeria
mammeri_muh@yahoo.fr
In this paper, we have proposed a new family of sinusoid discrete chaotic map with two parameters,
this family can exhibits a chaotic attractors form same typical period-doubling bifurcation route to
chaos. This physical phenomenon is justified by numerical investigation.

Contractibility of manifolds by means of stochastic flows
Olexandra Antoniouk, Sergiy Maksymenko
Institute of Mathematics of NAS of Ukraine, Kiev, Ukraine
antoniouk.a@gmail.com, maks@imath.kiev.ua
In [Probab. Theory Relat. Fields, 100 (1994) 417–428] Xue-Mei Li studied stability of stochastic
differential equations and the interplay between the moment stability of a SDE and the topology of
the underlying manifold. In particular, she gave sufficient condition on SDE on a manifold M under
which the fundamental group π1 M = 0. We prove that in fact under essentially weaker conditions the
manifold M is contractible, that is all homotopy groups πk M , k ≥ 1, vanish.
Let T = (Ω, F, P) be a probability space, and B(X) denotes the Borel algebra of subsets of a
topological space X. A map ξ : M × [0, +∞) × Ω → M wil be called a stochastic deformation
whenever ξ is B(M × [0, +∞)) × F − B(M )-measurable and has the following property: there exists
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N ∈ F of measure 0 such that for each ω ∈ Ω \ N the map ξω : M × [0, +∞) → M , ξt (x, t) =
ξ(x, t, ω), is continuous and ξ(x, 0, ω) = x for all x ∈ M .
Given a stochastic deformation ξ one can define the following σ-additive probability measures µx,t ,
(x, t) ∈ M × [0, +∞) on M : µx,t (A) := P{ω ∈ Ω : ξ(x, t, ω) ∈ A}.
Theorem. Suppose ρ is a complete Riemannian metric on M and ξ : M × [0, +∞) × Ω → M is a
stochastic deformation having the following properties:
(i) the map ξt,ω : M → M , ξt,ω (x) = ξ(x, t, ω), is C 1 for all t ∈ [0, +∞) and ω ∈ Ω \ N ;
(ii) for each compact subset L of the tangent bundle T M we have that
+∞
∫

E ∥Tx ξt,ω (v)∥dt < ∞,

sup
0

where Ef =

∫

Ω f dP

(x,v)∈L: x∈M, v∈Tx M

is a mean value, and the norm is taken with respect to ρ;

(iii) there exists a point z ∈ M , a compact subset K ⊂ M , ε > 0 and N > 0 such that µz,t (K) > ε
for all t > N .
Then M is contractible.

High dimensional perturbations of zero entropy Lorenz maps
M.I. Malkin
Lobachevsky State University of Nizhny Novgorod (Russia)
malkin@unn.ru
We consider one-dimensional Lorenz maps and their perturbations. In [1], [2] we dealt with multidimensional perturbations of one-dimensional hyperbolic maps with positive topological entropy:
htop (f ) > 0. For those maps we proved that topological entropy changes continuously. Now we
study perturbations in a neighborhood of a map with zero topological entropy. This case is much more
complicated, and the property of continuous dependence of htop (f ) may fail for C 0 -topology. However, if one considers Lorenz maps with zero one-sided derivatives at the discontinuity point and with
C 1 -topology, then htop (f ) continuous dependence still takes place. More precisely, the result is as
follows.
Theorem The function f → htop (f ) in the class of Lorenz maps with C 0 -topology is continuous
at f0 , except for the case when htop (f0 ) = 0 and the kneading invariants Kf+0 , Kf−0 of f0 are periodic
with the same period; in the latter case, the jump of topological entropy is precisely
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1
p

log 2, where

p is the common period of the kneading invariants. Moreover, for the class of Lorenz maps having
zero one-sided derivatives at the discontinuity point and with C 1 -topology, such an exceptional case is
impossible, and thus, the topological entropy depends continously on the map.
The work was done in collaboration with K.A. Safonov. It was partially supported by RFBR grants
16-01-00364. 15-01-03687-a, 14-01-00344.
[1] M. Malkin, On continuity of entropy of discontinuous mappings of the interval, Selecta Mathematica Sovietica, (1989), 131–139.
[2] Juang J., Li M.-C., Malkin M.I. Chaotic difference equations in two variables and their multidimensional perturbations. Nonlinearity, 21 (2008), 1019-1040.

Non-trivial attractors for Anosov diffeomorphisms.
Minkov S.S.
Moscow State University
stanislav.minkov@yandex.ru
We show that there is a C 1 smooth Anosov diffeomorphism on a two-torus such that the omegalimit set of almost any point with respect to the Lebesgue measure does not intersect some fixed open
set. Therefore, the Milnor attractor (the smallest closed set that contains the omega-limit sets for almost
every point) of this Anosov diffeomorphism does not coincide with the whole phase space. In fact,
in our example it has zero measure. This result shows the drastic difference between the C 1 and C 2
Anosov diffeomorphisms. For C 2 smooth transitive Anosov diffeomorphisms, the classical reuslts om
SRB-measure imply that the Milnor attractor coincide with the whole phase space.

A.D.Morozov, K.E.Morozov On transitory shift in pendulum type equations
A.D.Morozov, K.E.Morozov
Nizhni Novgorod State University, Russia
morozov@mm.unn.ru
The two-dimensional non-autonomous equations of pendular type are considered: the Josephson
equation and the equation that describes oscillations of a body suspended on ropes. It is supposed that
these equations are transitory, i.e. non-autonomous only on a finite time interval. In the conservative
case the measure of transport from oscillations to rotations is established. For the non-conservative case
the transitory shift influence to solutions behavior is considered.
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Emergence and coherence of oscillations in star and tree networks of stochastic
excitable elements
A.B. Neiman1 , J.A Kromer2 , L. Schimansky-Geier2
1 Department
2

of Physics and Astronomy, Ohio University, neimana@ohio.edu

Department of Physics, Humboldt University of Berlin

We study the emergence and coherence of stochastic oscillations in regular star and tree networks of
excitable elements in which peripheral nodes receive independent random inputs. A biophysical model
distal branches of sensory neuron in which nodes of Ranvier are coupled by myelinated cable segments
is used along with a generic model of networked stochastic active rotators. We show that coherent
oscillations can emerge due to stochastic synchronization of peripheral nodes and that the degree of
coherence can be maximized by tuning the coupling strength and the size of the network.

Complex Dynamic Regimes of Age-structured Population with Density Dependent
Regulation*
Neverova G.P.1 , Frisman E.Ya.2
1 Insititute
2 Institute

for Automation and Control Processes, Vladivostok, Russia

of Complex Analysis of Regional Problem, Birobidzhan, Russia
1 galina.nev@gmail.com, 2

frisman@mail.ru

Many real populations including exploited populations demonstrate complex dynamics modes, which
are poorly predicted. The paper researches the model of population dynamics with age structure and
density dependent regulation. We investigate and compare two situations: 1) population develops
freely and 2) population is exploited. We consider the population which, by the end of each
reproduction season, consists of two age groups: juveniles (immature individuals) and adults
(participants of the reproduction process). To describe the population dynamics we use recurrence
equations. The model of exploited population is assumed that harvesting is realized once a year after
the reproductive season. The number of harvested animals is proportion to the total population size.
Research of both models is done by analytical and numerical methods. It is shown there is
multistability in the population model without harvesting. This phenomenon is coexistence of different
dynamic regimes, namely equilibrium and 3-cycle. As a rule harvesting leads to the dynamics
stabilization, however the multistability continues to exist. Irregular harvesting or non-constant harvest
rate may cause of population fluctuations emergence. It is shown that even a single harvesting in the
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current population size can lead to a change of the observed dynamic regime. Thus, this research
showed multistability of dynamic regimes can be observed in a population system as a freely
developing and exploited. There is some difficulty in predicting the dynamics of exploited population
size due to the multistability. Influence of harvesting can shift the current number population from one
attraction basin to another and lead to substantial changes in dynamic modes.
*This work is partially supported by the RFBR (project no. 15-29-02658 ofi_m).

Generic iterated function systems on the circle
Okunev A.V.
National Research University Higher School of Economics
aokunev@list.ru
Joint work with V.A. Kleptsyn and Yu.G. Kudryashov.
An iterated function system (IFS) on a manifold M is a tuple of smooth maps f1 , . . . , fs : M → M .
One of the reasons for studying IFS’s is that they (more precisely, associated step skew products over
Bernoulli shift) provide a nice model example of partially hyperbolic skew products. If some
interesting robust property is found for the IFS’s, it is often possible to find this property for a locally
generic set of diffeomorphisms (see, e.g., [1]).
Generic IFS’s on the interval were studied by V. Kleptsyn and D. Volk ([2]). Among other things, they
proved that the associated skew product has finitely many attractors and finitely many physical
measures. However, it is unknown whether the supports of these physical measures coincide with the
attractors.
Unlike IFS’s on the interval, IFS’s on the circle can be minimal (i.e., the (f1 , . . . , fs )-orbit of each
point is dense). It turns out that this is the only difference from the interval case. Namely, for an open
and dense set of IFS’s on the circle such that f1 , . . . , fs are orientation-preserving diffeomorphisms an
alternative holds:
• either the IFS is minimal
• or there is an absorbing domain — a nontrivial finite union I of open intervals such that
fi (I) ⊂ I for each i = 1, . . . , s. In this case the results from [2] can be applied.
[1] Yu.S. Ilyashenko, Thick attractors of boundary preserving diffeomorphisms, Indagationes
Mathematicae, 2011
[2] V. Kleptsyn, D. Volk, Physical measures for nonlinear random walks on interval, Mosc. Math. J.,
2014
30

Discrete Lorenz attractors in three-dimensional maps
with homoclinic and heteroclinic tangencies
Ovsyannikov I.
Bremen Univ., Germany
ivan.i.ovsyannikov@gmail.com

Complex behaviour in cyclic competition bimatrix games
Olszowiec C.
Imperial College London, UK
cmo14@ic.ac.uk

Robust Chimeras in Networks
Pereira T.
Imperial College London, UK
cmo14@ic.ac.uk
In networks of identical oscillators a chimera state is a spatio-temporal pattern in which synchronous
and asynchronous oscillations coexist. We construct stable chimeras states in coupled stars graphs.
These chimeras emerge from a correlation between the isolated dynamics of the nodes and the
network structure. Our starting point is a single star graph of phase oscillators with the hub node
rotating faster than the leaves. When two of such star graphs are coupled one subnetwork can display
coherent dynamics while the remaining subnetwork is incoherent. Our results are constructive and we
can determine the macroscopic behaviour in terms of the microscopic parameters. In particular, we
can construct chimeras for arbitrarily large coupling parameters.

Energy function for A-diffeomorphisms in dimensions 2 and 3
Pochinka O.
National Research University Higher School of Economics, Nizhny Novgorod
olga-pochinka@yandex.ru
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Exponential dichotomy and bifurcation theory of the Hamiltonian
operator’s boundary value problems in the Hilbert space
Pokutnyi O.O.
Institute of mathematics of NAS of Ukraine, Kiev National Taras Shevchenko university
lenasas@gmail.com
The report is devoted to obtaining the conditions of the solvability of weakly perturbed boundary value
problems for the operator differential equation in the Hilbert space H on the interval and whole line
dX(t, ε)
= [A, X(t, ε)] + Φ(t) + εC(t)X(t, ε), t ∈ J
dt

(6)

lX(·, ε) = α,

(7)

under assumption that homogeneous operator differential equation
dX(t)
= [A, X(t)] + Φ(t),
dt

(8)

admits an exponential dichotomy on the semi-axes [1,2]. Here X(t, ε) is an unknown operator-valued
function from the space C 1 (J, L(H)), A ∈ L(H), [·, ·] is a commutator of operators [3]
[A, X(t)] = AX(t) − X(t)A,
C(t), Φ(t) ∈ C(J, L(H)) are given strongly-continuous operator-valued functions;
l : C 1 (J, L(H)) → H1 is linear and bounded operator. We seek the solution of boundary value
problem (6, 7) which for ε = 0 turns in one of the solutions of generating problem (7, 8).
[1] Boichuk A.A., Samoilenko A.M. Generalized invertible operators and
Fredholm Boundary-Value Problems. // 2004. — VSP, Utrecht-Boston. 315 p.
[2] Pokutnyi O.O. Bounded solutions of linear and weakly nonlinear differential equations in Banach
space with unobounded linear part. // Differential equations. — 2012. —48, 6. — p. 803-813.
[3] Pokutnyi O.O. Boundary value problem for an operator-differential Riccati Equation in the Hilbert
space on the interval. // Advances in Pure Mathematics. — 2015. — 5. — p. 865-873.

Existence and stability of bursting cycles in a neuron model with two delays
Preobrazhenskaia M.
Yaroslavl State University, Russia
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Dynamic modes and multistability in the model of population with a simple age
structure
Revutskaya O.L.1 , Neverova G.P.1,2 , Kulakov M.P.1 , Frisman E.Ya.1
1 Institute

for Complex Analysis of Regional Problems FEB RAS, Birobidzhan, Russia

2 Insititute

for Automation and Control Processes FEB RAS, Vladivostok, Russia

oksana-rev@mail.ru, galina.nev@gmail.com, k_matvey@mail.ru, frisman@mail.ru
In this paper, we investigate dynamic modes in a population with simple age structure. We assume that
by the end of each reproduction season the population consists of two age groups: juveniles and
adults. The density-dependent limitation of a younger class survival regulates the population size
increase. In the nature such populations are represented by small mammals, fast maturing fish, and
many insects. A discrete time two-component population model can describe the dynamics of such
populations. The offspring survival rate linearly depends on the number of juveniles and adults groups.
The purpose of this research is to investigate evolutionary scenarios of the oscillatory dynamics
origination in the populations with simple age structure and density dependent regulation of juveniles’
survival. We have used classical methods for the systems stability study. To make numerical
investigation of the model, we have elaborated the software systems, provided for construction of
bifurcation diagrams, attraction basins, dynamic modes maps, and Lyapunov exponents. It is shown
the density-dependent regulation of the offspring survival can lead to periodic and chaotic fluctuations
in population size. The population parametric stability domain may considerably grow if the offspring
survival rate would decrease with a number growth of both age groups. However, the regulation of
juvenile survival rate by mostly the adults’ number is inefficient and leads to the stability domain
narrowing. Moreover, there are multistability areas in which the type of realized dynamic regime
depending on the initial condition. In particular, the stable non-zero fixed point coexists with periodic
points (3-cycle). These aspects of dynamic behaviour can explain the oscillation period change,
appearance and disappearance of population size fluctuations.
The reported study was funded by RFBR according to the research project No. 16-31-00218 mol_a.

Solution to the Cauchy problem for parabolic PDE using space shift based formulas
I. Remizov
Bauman Univ. Moscow, Russia
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Quasi-stochastic Bykov attractors
Rodrigues A.
Univ. of Porto, Portugal
alexandre.rodrigues@fc.up.pt
We consider a one-parameter unfolding of a symmetric three-dimensional vector field with a
contracting Bykov network, while preserving the one-dimensional connection. When the parameter is
zero, the dynamics is trivial and well known. After increasing the parameter, the stable and unstable
manifolds of the saddle-foci intersect transversely, creating homoclinic and heteroclinic tangles. These
are the source of a countable family of Smale horseshoes which, although not observable in numerical
simulations, generate chaos inside a neighborhood of the network and prompt the coexistence of
infinitely many sinks and saddle-type invariant sets.
In this talk, we clarify the role of both the stable/unstable manifolds of the singularities and the
horseshoes in the overall structure and dynamics of the global attractor that exists for each parameter.
We will see that for a dense set of parameters close enough to zero the dynamics has both infinitely
many horseshoes and attracting periodic solutions. Moreover, the stable and unstable manifolds of
both the equilibria and the horseshoes determine the non-wandering set of the flow. We present some
numerical simulations to illustrate our results.
This is a joint work with M. Carvalho, M. Bessa and M. L. Castro.

Sectional-Anosov flows of venice mask type in compact 3-manifolds
Sánchez H. M.
Instituto de Matemática, Universidade Federal do Rio de Janeiro
hmsanchezs@unal.edu.co
A basic result of the theory of hyperbolic dynamical systems is that every Anosov-flow with dense
periodic orbits on a closed manifold is transitive. This fact is not true for sectional-Anosov flows (i.e.,
sets whose maximal invariant is a sectional-hyperbolic set) [6] due to existence of flows known as
Venice masks [3,4]. I will expose some examples, consequences and I will mention some properties
related to Venice masks supported on compact 3-dimensional manifolds [3,5].
[1] Afraimovich, V., Bykov, V., and Shilnikov, L. On structurally unstable attracting limit sets of
lorenz attractor type. Trudy Moskov. Mat. Obshch. 44, 2 (1982), 150-212.
[2] Bautista, S., Morales, C. - Lectures on sectional-Anosov flows. Preprint IMPA, Serie D. (2009)
[3] Bautista, S., Morales, C., Pacifico, M., J., On the intersection of homo- clinic classes on
singular-hyperbolic sets, Discrete Contin. Dyn. Syst. 19 (2007), no. 4, 761-775.
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[4]Lopez, A.M., Sanchez, H., Sectional Anosov flows: Existence of Venice masks with two
singularities, arXiv:1505.05758.
[5] Morales, C., Pacifico, M., J., A spectral decomposition for singular- hyperbolic sets, Pacific J.
Math. 229 (2007), no. 1, 223-232.
[6] Morales, C., Pacifico, M., J., Sufficient conditions for robustness of attractors, Pacific J. Math., 216
(2004), 327-342.

On the dynamics of quasiperiodically driven maps with weak dissipation
A.V. Savin, D.V. Savin, A.P. Kuznetsov, M.V. Pozdnyakov
Saratov State University, Saratov, Russia
AVSavin@rambler.ru
We study the effect of external signal of incommensurate frequency on the dynamics of systems with
weak dissipation. This situation is well studied for dissipative systems [1]. In particular, it is known
that strange nonchaotic attractors (SNA) are typical in such systems. Also recently it was shown [2]
that SNA exists in the system with weak dissipation but no results on the size of corresponding region
on the parameter plane and its dependence on dissipation parameter is known.
We consider the Ikeda map [3] driven by signal with incommensurate frequency ("quasiperiodical
signal"):
zn+1 = A(1 + ε sin 2πθn ) + Bzn ei|zn | , θn+1 = θn + w.
2

√
where the frequency ratio w was taken equal to golden ratio w = ( 5 − 1)/2.
It is known that multistability is typical for systems with weak dissipation. We study the effect of
driving on the mulstistability. Also we investigate the structure of the ”nonlinearity parameter A - the
driving amplitude ε” plane for different dissipation values up to very small ones by calculating the
Lyapunov exponents.
We identify the SNAs as the regimes with negative largest Lyapunov exponent and strange structure.
The structure of the attractors was studied by the rational approximants [1] method. It was revealed
that the band of parameter A values in which the SNA exists decreases significanlty with the decrease
of dissipation.
This work was supported by RFBR (project 15-02-02893)
[1]U.Feudel, S. Kuznetsov, A.Pikovsky. Strange Nonchaotic Attractors. World Scientific, 2006
[2] S. Bilal, R. Ramaswamy //Phys. Rev.E, v.87, 034901 (2013)
[3] Ikeda K., Daido H., Akimoto O. //Phys. Rev. Lett., 1980, v.45, p.709.
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Analysis the methods of implementation of the precision chaos generators
Leonid V. Savkin
PSC «Radiofizika», Moscow, Russia
solaris.rafo@gmail.com
In operation approaches on implementation of precision generators of chaotic oscillations on the basis
of solid-state electronics are researched. The main attention is paid to the implementation methods of
precision generators based on synthesis of ring self-oscillatory structures with adjustable parameters of
back coupling.
The first and main part of the report is devoted to the widespread decomposition of the initial
self-oscillatory system [1] described by equation ẋ = f (x) with a vector x ⊂ Rn leading to couple of
subsystems x → (p, q) such that ṗ = γ(p, q) and q̇ = ϑ(p, q). Here γ = fk (x), ϑ = fm (x) and
{
} {
}
fk (x) x ∈ {1, 2, . . . , l} , fm (x) x ∈ {l + 1, l + 2, . . . , r} . Within this approach the main
criteria of a precision of ring chaotic oscillators are considered [2]. The role of concept of the
synchronous chaotic response which is the major tool in study of the phenomenon of synchronization
of chaotic systems is shown.
In the second part of the report oscillators to which it is impossible to apply the decomposition method
are considered. As the most widespread type of similar systems three-point diagrams of generators are
considered. Several possible options of synthesis of three-point precision generators of chaos based on
use symmetric and specularly adding digraphs of the initial three-point diagrams are offered. The
analysis of merits and demerits of the existing and offered methods is carried out.
The possibility of the analysis quality of a chaotic synchronous response by means of elements of
symbolical dynamics is considered. On the example of RL-sequence [3] the method of an assessment
quality of a chaotic synchronous response is shown.
[1] L. M. Pecora, T. L. Carrol. Synchronization in chaotic systems. Phys. Rev. Letters. 1990. Vol. 64,
No. 8. P. 821-824.
[2] A. S. Dmitriev, E. V. Efremova, N. A. Maksimov, A. I. Panas. Generation of chaos. Publ.
«Tekhnosfera», Moscow, 2012.
[3] S. P. Kyznetsov. Dynamic chaos. Publ. «Phizmatlit», Moscow, 2006.
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Duck factory on the two-torus: multiple canard cycles without geometric constraints
Schurov I., Solodovnikov N.
National Research University Higher School of Economics
ischurov@hse.ru
Consider a generic slow-fast system on the two-dimensional torus

 ẋ = f (x, y, ε)
(x, y) ∈ T2 ∼
= R2 /(2πZ2 ),
 ẏ = εg(x, y, ε)

ε ∈ (R+ , 0)

(9)

Assume that f and g are smooth enough and g > 0. The dynamics of this system is guided by the slow
curve:
M = {(x, y) | f (x, y, 0) = 0}.
It consists of equilibrium points of the fast motion (i.e. the motion determined by system (9) for
ε = 0). Particularly, one can consider two parts of the slow curve: one is stable (consists of attracting
hyperbolic equilibrium points) and the other is unstable (consists of repelling hyperbolic equlibrium
points). On the plane R2 , there is rather simple description of the generic trajectory of (9): it consists
of interchanging phases of the slow motion along the stable parts of the slow curve and the fast jumps
along the straight lines y = const near the folds of the slow curve [5]. On the two-torus, more
complicated behaviour can be locally generic.
Definition 1. A solution (or trajectory) is called canard if it contains an arc of length bounded away
from zero uniformly in ε that keeps close to the unstable part of the slow curve and simultaniously
contains an arc (also of length bounded away from zero uniformly in ε) that keeps close to the stable
part of the slow curve.
Canards are not generic on the plane: one have to introduce an additional parameter to get an attracting
canard cycle. However, they are generic on the two-torus, as was conjectured in [1] and proved in [2].
The next natural question is to provide an estimate for the number of canard cycles that can born in a
generic slow-fast system on the two-torus. The answer to this question for the case of integer rotation
number and a rather wide class of systems was given in [3].
Theorem 1. For generic slow-fast system on the two-torus with contractible nondegenerate connected
slow curve the number of limit cycles that make one pass along the axis of the slow motion is bounded
by the number of fold points of the slow curve. This estimate is sharp in some open set in the space of
slow-fast systems on the two-torus.
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In the present talk we consider the case of non-integer rotation number that is not covered by Theorem
1. We also conjecture that our arguments can be applied to systems with unconnected slow curves.
The latter case is of special interest because slow-fast systems with unconnected slow curve appear
naturally in physical applications, e.g. in the modelling of circuits with Josephson junction [4].
Our main result states that in contrast with Theorem 1 for non-integer rotation number there are no
geometric constraints on the number of (canard) limit cycles. Particularly, for any desired odd number
of limit cycles l we construct open set in the space of the slow-fast systems on the two-torus with
convex slow curve (i.e. having only two fold points) with exactly l canard cycles that make two passes
along the axis of slow motion.
[1] J. Guckenheimer, Yu. S. Ilyashenko, The Duck and the Devil: Canards on the Staircase, Moscow
Math. J., Volume 1, Number 1, 2001, pp. 27–47.
[2] Ducks on the torus: existence and uniqueness. J. of Dynamical and Control Systems. 16:2 (2010),
267–300. See also: arXiv:0910.1888v1.
[3] I. V. Shchurov. Canard cycles in generic fast-slow systems on the torus. Transactions of the
Moscow Mathematical Society, 2010, 175-207
[4] Kleptsyn V. A, Romaskevich O. L., Schurov I. V. Josephson effect and slow-fast systems.
Nanostructures. Mathematical Physics and Modelling. 8:1 (2013), pp. 31–46 (in Russian). See also
arXiv:1305.6755.
[5] E. F. Mishchenko and N. Kh. Rozov, Differential equations with small parameters and relaxation
oscillations. Plenum Press, 1980.

Oscillatory motions in the restricted planar elliptic three body problem
Seara T.
Universitat Politecnica de Catalunya, Barcelona
tere.m-seara@upc.edu

The Eccentric Kozai-Lidov Effect as a Resonance Phenomenon
Sidorenko V.V.
Keldysh Institute of Applied Mathematics, Moscow, RUSSIA
vvsidorenko@list.ru
Considering the evolution of a weakly perturbed Keplerian motion under the scope of the restricted
three-body problem M.L.Lidov (1961) and Y.Kozai (1962) discovered independently coupled
oscillations of eccentricity and inclination (KL-cycles). Their classical investigations were based on
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the integrable model of the secular evolution obtained after double averaging of the disturbing function
approximated by the first non-trivial term (more precisely, by the quadruple term) in the series
expansion with respect to the ratio of semimajor axis of the disturbed body and the disturbing body.
If the next (octupole) term is kept in the expression of the disturbing function, then the longterm
modulation of the KL-cycles can be established (Ford et al., 2000; Katz et al., 2011; Lithwick, Naoz,
2011). In particular, the flips become possible from prograde to retrograde orbit and back again. Since
flips are observed only in the case of the disturbing body motion in the orbit with non-zero
eccentricity, the term "Eccentric Kozai-Lidov Effect" (or EKL-effect) was proposed in (Lithwick,
Naoz, 2011) to specify such a dynamical behavior.
We demonstrate that the EKL-effect can be interpreted as a resonance phenomenon. With this aim we
write down the motion equations in terms of the "action-angle" variables provided by the integrable
Kozai-Lidov model. It turns out that for some initial values the resonance is degenerate and the usual
"pendulum" approximation is insufficient to describe the evolution of the resonance phase. The
analysis of the related bifurcations allows us to estimate the typical time between the successive flips
for different parts of the phase space.

Volume hyperbolicity and wildness
Shinohara K. (Japan)

Complex dynamic regimes in the stochastic Hindmarsh-Rose model
Slepukhina E. S., Ryashko L. B.
Ural Federal University
evdokia.slepukhina@urfu.ru
We study the stochastically forced Hindmarsh-Rose model [1] of neuron activity:
ẋ = y − x3 + 3x2 + I − z + εẇ,
ẏ = 1 − 5x2 − y
ż

(10)

= r(s(x − x0 ) − z),

where x is a membrane potential, variables y, z describe ionic currents, I is an external current;
0 < r ≪ 1 is a time scale parameter; s, x0 are other parameters; w is a standard Wiener process with
E(w(t) − w(s)) = 0, E(w(t) − w(s))2 = |t − s| and ε is a noise intensity.
We fix r = 0.002, s = 4, x0 = −1.6 and examine the dynamics of the system under variation of the
parameter I.
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The original deterministic system demonstrates a wide range of neural dynamic regimes, such as
various types of periodic oscillations resulting from the period-doubling and adding bifurcations,
coexistence of several attractors, chaos.
The aim of our research is is to study the effect of random disturbances on the dynamics of the
Hindmarsh-Rose model. Here, we focus on the parametric zone, where the deterministic system
exhibits tonic spiking oscillations. We show that under noise the spiking regime transforms into the
bursting one. This phenomenon is confirmed by changes of distributions of random trajectories in the
phase space and interspike intervals. We show that noise-induced bursting combines with transitions
from order to chaos.
For a quantitative analysis of the stochastic phenomena in the Hindmarsh-Rose model, we suggest a
constructive approach based on the stochastic sensitivity function technique [2] and the method of
confidence domains. It gives a geometric description for distribution of random states around the
deterministic attractors. We develop an algorithm of estimation of the threshold values for the noise
intensity corresponding to the stochastic bifurcations. We show that the obtained values are in a good
agreement with the numerical results.
[1] Hindmarsh J. L., Rose R. M. A model of neuronal bursting using three coupled first order
differential equations. // Proc R Soc Lond B Biol Sci. 1984. Vol. 221, No. 1222. P. 87–102.
[2] Bashkirtseva I. A., Ryashko L. B. Stochastic sensitivity of 3D-cycles. // Mathematics and
Computers in Simulation. 2004. Vol. 66, No. 1. P. 55–67.

Variational construction of positive entropy invariant measures
of Lagrangian systems and Arnold diffusion
Slijepcevic, S
University of Zagreb
slijepce@math.hr
We develop a new variational method for constructing positive entropy invariant measures of
Lagrangian systems without assuming transversal intersections of stable and unstable manifolds, and
without restrictions to the size of perturbations. When applied to a family of 2 1/2 degrees of freedom
a-priori unstable Hamiltonians, we obtain the following results, assuming only no topological
obstruction to diffusion: (i) there exists a vast family of "horsheshoes", such as "shadowing" ergodic
positive entropy invariant measures having precisely any closed set of invariant tori in its support; (ii)
the drift acceleration is proportional to the average of the locally largest Lyapunov exponents (always
non-zero in the region of instability) along a diffusion path; (iii) a sufficient condition for the fast
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diffusion with the acceleration drift O(µ/| log µ|) (µ is the size of the perturbation) is that the inverse
of the splitting angles of separatrices is integrable, thus discrete non-transversal intersections of
whiskers are not an obstacle for that; (iv) one can obtain lower bounds on local topological entropy
and acceleration drift for Melnikov functions with degenerate zeroes, as a function of the leading term
in its Taylor expansion at the zero.
The method of construction is new, and relies on study of formally gradient dynamics of the action
(coupled parabolic semilinear partial differential equations on unbounded domains). We apply
recently developed techniques of precise control of the local evolution of energy (in this case the
Lagrangian action), energy dissipation and flux.

One-parameter families of vector fields on the two-dimensional sphere
Solodovnikov N.A.
National Research University Higher School of Economics
proba-f@ya.ru
Suppose that a planar vector field X met in a generic one-parameter family has a separatrix loop, and
the saddle value (trace of linearization) is positive. Suppose that this vector field has some saddles
inside the separatrix loop, and exactly n separatrices tend to separatrix loop. Then on one side of the
critical parameter value the field has one unstable hyperbolic cycle. On the other side of the critical
value there is a countable number of bifurcation points related to saddle connections between two
saddles. We state that any two generic one-parameter families V = {vε } and W = {wε } s.t. v0 = w0
are equivalent.

Ouasiperiodic bifurcations in five coupled van der Pol oscillators
Stankevich N.V., Seleznev E.P., Kuznetsov A.P.
Saratov Branch of Institute of Radio-Engineering and Electronics of RAS,
Yuri Gagarin State Technical University of Saratov
stankevichnv@mail.ru
Dynamics of coupled oscillators attract intensive attention of researchers. Recently, enough big step
was made in this area [1-2]. One of the important aspect of the dynamic of coupled oscillators is
studying of multi-frequency quasi-periodic oscillations in the systems of such kind. The interest to this
problems connect with opportunity of realization of Landau-Hopf scenario [3]. For realization
Landau-Hopf scenario it is necessary to have quasi-periodic Hopf bifurcations at varying of the
parameters. Factors which influent to the type of bifurcation are topology of coupling, distribution of
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base frequency of ensemble elements e.t.c.
In the present work dynamic of the system of five van der Pol oscillators coupled in a ring is
considered. Opportunity of occurring of quasi-periodic Hopf bifurcation and saddle-node
quasi-periodic bifurcation for five-frequency torus was revealed for system with active and dissipative
coupling.
This research was supported by the grants of RFBR No. 14-02-00085.
1. Emelianova Yu.P., Kuznetsov A.P., Sataev I.R., Turukina L.V. // Physica D. 2013. Vol. 244. No 1.
PP. 3649.
2. Rosenblum M. and Pikovsky A. // Physical Review E. 2015. Vol. 92. P. 012919.
3. Kuznetsov A.P., Kuznetsov S.P., Sataev I.R., Turukina L.V. // Physics Letters A. 2013. Vol. 377. PP.
32913295.

On the dependence of solutions of convolution equations
on convex sets of the right side
Stefanenko L.V.
Southern Federal University
stefanenko.lv@mail.ru
Let Q be a convex subset of C with non-empty interior. We assume that Q has a countable
neighborhood basis of convex domains. This setup covers in particular convex domains Q in C and
convex compact sets Q in C with non-empty interior. Denote by A(Q) the space of germs of all
analytic functions on Q with its natural inductive limit topology. Let K be a convex compact set in C.
For a functional µ which is continuous and linear on A(K) a continuous linear convolution operator
Tµ : A(Q + K) → A(Q)
is defined by Tµ (f )(z) := µt (f (t + z)). We characterize when surjective operator
Tµ : A(Q + K) → A(Q) has a continuous linear right inverse R : A(Q) → A(Q + K). Similar
problem was posed in the early fifties by L. Schwartz for linear differential operators P (D) in C ∞ (Ω)
where Ω is an open subset of RN . This problem was solved by R. Meise, B.A. Taylor and D. Vogt in
the late eighties of the last century.
It is shown that R exists if and only if the distribution of zeros of the entire function
µ̂(z) := µt (exp(tz)) satisfies certain conditions of the boundary behavior of the analytic univalent
functions of the unit disc D on the interior of Q and of the complement of closed unit disc D on the
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complement Q. For example, if the boundary of Q of class C 2 each surjective operator
Tµ : A(Q + K) → A(Q) has a continuous linear right inverse.
Previously, this problem was solved when Q is a convex domain, a convex compact set and a convex
locally closed set (see [1]).
[1] Melikhov S. N., Momm S. Analytic solutions of convolution equations on convex sets with an
obstacle in the boundary // Math. Scand. 2000. Vol. 86. P. 293–319.

Analysis of spatial correlations at the coherence-incoherence transition
in a ring of nonlocally coupled logistic maps
Strelkova G.I., Bogomolov S.A., Vadivasova T.E., and Anishchenko V.S.
Saratov National Research State University
strelkovagi@info.sgu.ru
We present numerical results for mutual spatial correlations of elements in a one-dimensional ring of
nonlocally coupled chaotic maps. The global transition from complete chaotic synchronization to
spatio-temporal chaos is studied when the coupling strength is varied. The logistic map in the regime
of developed chaos is chosen as a partial element of the ring. The basic bifurcation transitions are
analyzed for decreasing coupling strength and they range as follows: complete chaotic synchronization
– partial chaotic synchronization – appearance of phase chimera states – birth of amplitude chimera
states – complete desynchronization. The typical peculiarities in the behavior of mutual spatial
correlations of the network elements are established for the indicated bifurcation transitions.
S.G.I. acknowledges support from the Russian Ministry of Education and Science (project No. 1008).
V.T.E. acknowledges support from RFBR (grant No. 15-02-02288). A.V.S. acknowledges support
from RSF (grant No. 16-12-10175).

Spectral gap for Lorenz 1D maps
Todorov D.
Aix-Marseille University, France
todorovdi@gmail.com
Chaotic systems are well known to be difficult to analyse if one looks at the behaviour of particular
trajectories. However often if one considers the dynamics of the densities of measures that are
absolutely continuous with respect to some natural measure, the analysis becomes feasible.
The dynamics of the densities is described by the action of the Perron-Frobenius operator. Its spectral
properties are very related to the statistical properties of usual trajectories of the points.
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In particular, spectral properties of Perron-Frobenius operators are important. I will describe how to
prove so-called spectral gap property for a certain class of one dimensional piecewise expanding maps
of small regularity, allowing power-law singularities of the derivative, on a large Banach space of
observables of small regularity, allowing power-law singularities. Previous results in this direction
required bigger regularity and/or smaller Banach space.
Such one-dimensional maps are much related to the famous Lorenz attractor (more precisely, to its
geometric model).

From Regularity to Chaos in the GPE with Bichromatic Trap
Tosyali Eren1 and Aydogmus Fatma2
1 Istanbul

Bilgi University, Vocational School of Health Services, Istanbul, TURKEY
2 Istanbul

University, Department of Physics, Istanbul, TURKEY

1 eren.tosyali@bilgi.edu.tr, 2 fatmaa@istanbul.edu.tr

It is well known that BEC is described by Gross-Pitaevskii Equation (GPE) with an external potential.
The nonlinear dynamic of GPE is very rich. Therefore many studies have been performed on nonlinear
properties in GPE for different optical lattices. In this study, we consider the tilted bichromatic optical
lattice potential that the sytem exhibits regular and chaotic dynamics under it. The regular and chaotic
numerical solutions of GPE are investigated by constructing their Poincaré sections in phase space.

In search for the Hénon attractor
Tucker, W.
Department of Mathematics, Uppsala University, SWEDEN
warwick@math.uu.se
An extensive search for stable periodic orbits (sinks) for the Hénon map in a small neighborhood of
the classical parameter values is carried out. Several parameter values which generate a sink are found
and verified by rigorous numerical computations. Each found parameter value is extended to a larger
region of existence using a simplex continuation method. The structure of these regions of existence is
investigated. This study shows that for the Hénon map, there exist sinks close to the classical case.
This work is joint with Zbigniew Galias, AGH University, Krakow, Poland.
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PROJECTIVE CONVERGENCE OF MEASURES
Ugalde, E.
Physics Institute, University of San Luis Potosi
ugalde@ifisica.uaslp.mx
I will speak about a distance for processes, based on Hibert’s protective distance, which we recently
introduced. I will explain how our distance compares to the *-weak distance and to
Ornstein’s d-bar distance. Among other things, we prove that our distance is strictly stronger than the
*-weak distance, but it is not comparable with Ornstein’s d-bar distance.
We also prove that all g-measure is the limit, with respect to our distance, of its Markovian
approximations and how the ergodicity and mixing of the limiting g-measure is relate to the speed of
convergence of the Markovian approximations.
I will finish by formulating some problems we are currently working on. This is a work in
collaboration with Liliana Trejo and is based on a previous works in collaboration with Leticia
Ramirez and Jean-Rene Chazottes.

Noise-induced transitions in a bistable oscillator
with state-depended nonlinear dissipation
Anishchenko V.S., Semenov V.V., Vadivasova T.E.
Department of Physics, Saratov State University, Astrakhanskaya str., 83, 410012, Saratov, Russia
wadim@chaos.ssu.runnet.ru, semenov.v.v.ssu@gmail.com, vadivasovate@yandex.ru
Neiman A.B.
Department of Physics and Astronomy, Ohio University, Athens, Ohio 45701, USA
neimana@ohio.edu
A model of bistable oscillator with nonlinear dissipation depended on phase variables is proposed.
This model possess a complex behavior with Gaussian noise excitation. We study its response to noise
using a numerical simulation and an electronic circuit realization. The results show that depending on
noise intensity the system undergoes multiple qualitative changes in the structure of its steady-state
probability density function. In particular, the probability density function exhibits two pitchfork
bifurcations with a noise intensity increasing. The behavior of noisy system can be described using an
effective potential. These stochastic phenomena are explained, using the partition of the phase spaceby
the nullclines of the system.
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Splitting of separatrices at a periodically forced Hamiltonian-Hopf bifurcation
Vieiro A.
Universitat de Barcelona, Spain
vieiro@maia.ub.es

On the dynamics of non-invertible branched coverings of surfaces
Vlasenko I.
Inst. of Math., Kiev
vlasenko@imath.kiev.ua
Let f : M → M be a branched covering, i.e. an inner map of a surface M . Recall that an inner map is
an open and isolated map. A map is open if the image of an open set is open. A map is isolated if the
pre-image of a point consists of isolated points.
In [1] it was introduced a set of new invariants of topological conjugacy of non-invertible inner
mappings that are modeled from the invariant sets of dynamical systems generated by
homeomorphisms. Those new invariants are based on the analogy between the trajectories of a
homeomorphism and the directions in the set of points having common image which is viewed as
having 2 dimensions.
In the talk we explore the dynamical properties of wandering sets of different classes of branched
coverings.
[1] I. Y. Vlasenko Interior maps: topological invariants and its applications, - Inst. Math. NAN
Ukraine, Kiev. – 2014.

The main asymptotics in the problem of Andronov-Hopf bifurcation
Yumagulov M.G.
Bashkir State University
yum_mg@mail.ru
Consider the differential equation
x′ = A(α)x + a(x, α),

x ∈ RN , N ≥ 2 ,

(11)

where α - parameter, A(α) - matrix of order N , which elements smooth (continuously differentiable)
depend on α, the nonlinearity a(x, α) can be represented in the form:
a(x, α) = a2 (x, α) + a3 (x, α) + a4 (x, α) ;
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here a2 (x, α) and a3 (x, α) contain quadratic and cubic in x terms and nonlinearity a4 (x, α) satisfies
∥a4 (x, α)| = O(∥x∥4 ) as x → 0.
Suppose that the matrix A(α0 ) has a simple eigenvalues ±ω0 i. Let all other than ±ω0 i the eigenvalues
matrix A(α0 ) have negative real parts. Put T0 = 2π/ω0 .
The matrix A(α) is a continuous branch of eigenvalues of λ(α) = τ (α) + iω(α) such that τ (α0 ) = 0
and ω(α0 ) = ω0 . Let τ ′ (α0 ) ̸= 0. Then the number of α0 is a point of Andronov-Hopf bifurcation
equation (11). Thus, as a rule, there are functions
α(ε) = α0 + α2 ε2 + O(ε4 ), T (ε) = T0 + T2 ε2 + O(ε4 )

(12)

such that for each small ε and α = α(ε) system (11) has unstable periodic solution x = x(t, ε) period
T (ε). Functions (12) is called the main asymptotes of bifurcational solutions of (11).
The report proposes new main asymptotes to study the problem of the Andronov-Hopf bifurcation,
and also discusses some applications. As an application, we obtain new conditions for stability in the
problem of Andronov-Hopf bifurcation equation (11).

Recent progress in the theory of inertial manifolds
S. Zelik
Surrey Univ., UK
s.zelik@surrey.ac.uk

Multistability and multimodality in Ricker’s model with genetically defined
parameters*
Zhdanova O.L.1 , Frisman E.Ya.2
1 Insititute
2 Institute

for Automation and Control Processes, Vladivostok, Russia

of Complex Analysis of Regional Problem, Birobidzhan, Russia
1 axanka@iacp.dvo.ru, 2 frisman@mail.ru

We investigated dynamic regims of uniform population and mechanisms of its stability loss. At that
the size of considered population is described by Ricker’s model with intrapopulation parameters
defined on the genetic level under an influence of the natural selection:

 xn+1 = w̄n xn
 q
= q (w p + w (1 − p )) /w̄
n+1

n

AA n
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Aa

n

n

(13)

where w̄n = wAA (xn )qn2 + 2wAa (xn )qn (1 − qn ) + waa (xn )(1 − qn )2 is the average fitness of the
population in the n-th generation, xn is the population number in n-th generation, and qn is the
frequency of allele A in the n-th generation. Genotype fitness (wij ) decrease from the population size:
wij = exp(Rij (1 − xn /Kij )), where Rij and Kij are the Malthusian and resource parameters of the
ij- genotype, respectively. Rij and Kij characterize the reproductive potential of a genotype and the
capacity of the ecological niche, respectively. It has been shown that loss of stability by the nontrivial
fixed points of system (1) occurs only by the period-doubling bifurcation provided that the model
parameters are inside the biological meaningful region. Effects of multistability and multimodality
arise in some parametric regions.
It has been shown, that along with a fixed point (dynamically stable or unstable) the circles of various
length and chaotic attractors may exist in the model and it may be attractive for the system from some
region of initial conditions. To measure the influence of initial conditions on the dynamics type and on
the direction of the population evolution the basins of attraction for simultaneously existing asymptotic
dynamic regimes has been constructed.
*The research is partially supported by RFBR (project 15-29-02658)

On supporting manifolds for Morse-Smale systems
without heteroclinic intersections
Grines V., Medvedev, V., Zhuzhoma E.
National Research University Higher School of Economics (Russia)
vgrines@yandex.ru, medvedev@unn.ac.ru, zhuzhoma@mail.ru
We consider Morse-Smale systems without heteroclinic intersections on closed manifolds. In addition,
for Morse-Smale flows, we assume the absence of periodic trajectories. In this case, we describe the
topological structure of supporting manifolds. As a consequence, we get sufficient conditions of the
existence of periodic trajectories.
We thank RFFI grant 15-01-03687, RNF grant 14-41-00044. This work was supported by the Basic
Research Program at the National Research University Higher School of Economics in 2016.
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Sliding modes for NLS-type lattice with saturable
nonlinearity:discrete vs continuous description

G.L.Almov1 , A.S.Korobeynikov 1 , D.E.Pelinovsky2
1

National Research University of Electronic Technology, Zelenograd, Moscow, Russia

2

McMaster University, Hamilton, Ontario L8S 4L8, Canada

Discrete solitons (DS) in NLS-type lattice models have attracted signicant attention from physicists and mathematicians. It is known that typically the energy of DS
depends on its position on the lattice. Due to this, the motion of DS along the lattice is
accompanied by radiation, therefore DS loses energy and eventually stops. The examples
of lattices where this does not take place are rare. In these exceptional cases DS can
travel in regime of

sliding mode

, without losses of energy.

Recently, it has been found numerically, [1], that NLS-type model with saturation

1
θun
(un+1 − 2un + un−1 ) + u −
=0
2
h
1 + u2n

(1)

is a candidate for such a lattice. In the contribution, we address the features of the
lattice (1). First, we give new numerical arguments that there exist a set {hk }k∈N , such
that the sliding modes are possible for each h = hk . Second, we found numerically that
the set {hk }k∈N has some remarkable properties. Specically, hk weakly depend on θ
and the values τk ≡ 1/hk are nearly equidistant. Third, we consider the continuous
counterpart of (1),

h2
θu
uxxxx + uxx + u −
= 0,
12
1 + u2

(2)

that is asymptotic to (1) as h → 0. We found that (2) possesses a set of sliding modes
for {h∗k }k∈N . The values hk obey an asymptotic rule as k → ∞, such that τk∗ ≡ 1/h∗k are
asymptotically equidistant, but the set {hk } diers essentially from the set {h∗k }.

References
[1] T.R.O. Melvin, A.R. Champneys, P.G. Kevrekidis and J. Cuevas, Physica D 237
(2008) 551567.
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Families of gap solitons in complex non-PT -symmetric potentials
G.L.Alfimov1 , A.S.Omelyanov1 , D.A.Zezyulin2
1

National Research University of Electronic Technology, Zelenograd, Moscow, Russia
2

Centro de Fı́sica Teórica e Computacional, Faculdade de Ciências,
Universidade de Lisboa, Lisboa 1649-003, Portugal

Nonlinear Schrödinger Equation with additional potential U (x)
iΨt = Ψxx − U (x) Ψ ± |Ψ|2 Ψ

(1)

arises in various physical theories, such as nonlinear optics and theory of ultracold gases.
Of particular interest are its solutions of the form Ψ (x, t) = u (x) · eiωt , where u (x) → 0
as x → ±∞ (stationary localized modes, LM). It is known that the LM can exist if
U (x) is the real periodic potential and ω ∈ R lies in gaps of continuous spectrum of the
operator L = −d2 /dx2 + U (x). Typically, these LM (also called in this case gap solitons,
GS) form families that may be parametrized by ω ∈ R.
The situation changes when U (x) becomes complex. Generically, one cannot expect
the existence of GS for real ω. However, there are two remarkable cases when this
may occur. One of them corresponds to PT -symmetric potentials U (x), i.e., such that
U (−x) = U (x). Another possibility arises if U (x) is a Wadati potential, i.e. there exists
a real function w (x) such that U (x) = − [w2 (x) + iwx (x)]. Some examples of families of
LM in these two cases have been given recently, however the GSs in the case of periodic
Wadati potential remain poorly explored.
In the present contribution we consider the case of Wadati potential with
w (x) = sin2 x + A sin 4x,

A∈R

so that the corresponding U (x) is complex but not PT -symmetric. The function u (x)
in this case obeys a complex nonautonomous ODE of the second order:




uxx + ω + w2 (x) + iwx (x) u ± |u|2 u = 0
We describe an efficient numerical method for the search of GSs in this case and report
on continuous families of GSs parametrized by ω ∈ R for Eq.(1).
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Birkhoﬀ Problem on the Depth of the Center
for Skew Products of Maps of an Interval
Efremova L.S.
Nizhni Novgorod State University, Nizhni Novgorod, Russia
lefunn@gmail.com
Let I = I1 × I2 be a closed rectangle in the plane (I1 , I2 are closed intervals), and
F : I → I be a skew product of maps of an interval:
F (x, y) = (f (x), gx (y)), where gx (y) = g(x, y), (x; y) ∈ I.
The complete solution of Birkhoﬀ problem is given for the depth of the center of
skew products of maps of an interval from the space Te∗1 (I), where Te∗1 (I) is the space
of C 1 -smooth skew products of maps of an interval satisfying inclusion F (∂I) ⊂ ∂I for
every F ∈ Te∗1 (I) (here ∂(·) is a boundary of a set) and having Ω-stable (in C 1 -norm)
quotient map. Considerations are based on the use of Decomposition Theorem for the
space Te∗1 (I) (see [1]).
This work is supported by Russian Science Foundation, grant 16-11-10036.

References
[1] Efremova L. S., A Decomposition Theorem for the Space of C 1 -Smooth Skew
Products with Complicated Dynamics of the Quotient Map, Sb. Math., 204, 1598–1623
(2013).
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ABOUT POSSIBILITY OF GENERATION OF HIGH-FREQUENCY
ELECTRO-MAGNETIC FIELD IN EXCITABLE TISSUES
Fomin L. B
Specialized Cardiosurgical Clinical Hospital; 209 Vaneeva ul., Nizhny Novgorod,
603950, Russian Federation
8(831)4177790, ddeejj@yandex.ru
It is known. what is the properties of biotissue are defined by its cells, and electrical work of cell
- their biomembranes therefore the behavior of excitable biomembrane (EBM) as the main source of
electromagnetic radiation is considered.
Along with use of the canonical differential equations of Hodzhkin-Huxley of the fourth order
(and their modifications), Ziman's equations of the third order for the description and the analysis of
work of EBM the equations like Van-der-Pol-Duffing (VDPD) of the second order are used (FitzHugh, 1961).
Systems like VDPD are applied to convenience of the analysis of the movement of variables (in
particulars, currents and tension in EBM) also give good similarity in form. amplitude, porosity with
really measured parameters of impulses in EBM.
However, for example, in fundamental work Fitz-Hugh time interval in behavior of variables at
generation of self-oscillations are not specified, and frequency characteristics of the corresponding
VDPD model were not considered.
In this regard, consideration of range of frequencies of fluctuations in system of VDPD in the
self-oscillatory mode for assessment of adequacy of VDP model to the real movements of variables
in EBM is obviously important.
For such analysis of systems of VDPD it is convenient to pass to equivalent circuit like the
generator on the tunnel diode (GTD) as the movements of currents and tension t is described
completely by the similar equations.
Frequency of self-oscillations of fluctuations depends on ratio of losses (R-resistance of losses
of membrane transition), pumpings (E - membrane e.d.s.) and sizes negative resistance on the falling
site of the volt-ampere characteristic (VAC) of the tunnel diode, or, otherwise, from corner between
load straight line and tangent to the falling site VAC in point of intersection.
Dependence of the period of fluctuations (in parametrical space of stability), for example, from
R where there is upper limit of the period of Tmax that there corresponds ~ 1 ms, or ~ 1 kHz was
considered analytically.
Thus, during the work of GTD (with real biophysical values of parametres) in space of steady
self-oscillations frequency cannot be lower ~ than 1 kHz and there is in range ~ (1 - 10000) kHz.
It means that though the model Fitz-Hugh is quantitatively not adequate at model operation of
cardiograms, during the work of VBM the electromagnetic field high-pitched (HF) which can exert
particular impact on functioning of excitable and unexcitable tissues alive electrically can be
excited. Extent of such influence can be the considerable since amplitude of the corresponding
fluctuations ~ 1 mV, that is an order of амplitudes of the cardiograms of heart.
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IDENTIFICATION OF CHAOTIC SIGNALS BY THE FORM THE LAW OF
DISTRIBUTION OF DENSITY OF PROBABILITY OF SELECTIVE VALUES
E.I.Krotova
The Yaroslavl state university him. P.G.Demidova,
E-mail: ken@uniyar.ac.ru
The summary. In work identification of a chaotic signal of generator Chua by the form the law of
distribution of density of probability of selective values is considered.
Key words: identification, chaotic, the generator, a kind of distribution, sample.
Generator Chua is the elementary dynamic system in which there can be a dynamic chaos.
Practically to realize this system and consequently also chaotic fluctuations it is possible, using the
generator of harmonious fluctuations or the oscillatory contour consistently connected and closed in
ring system with the filter of the bottom frequencies, loaded on nonlinear resistance [1].
At studying the dynamic systems which are finding out irregular behaviour of decisions of the
differential equations, there is a question connected to an establishment of the fact of existence of
chaotic fluctuations. The various methods connected to the decision and the analysis of the differential
equations [1] are applied to the decision of a task in view.
In the given work the method of identification of a chaotic signal by the form the law of
distribution of his selective values is offered. For this purpose the algorithm based on calculation of
statistical characteristics of selective values of a signal from an output of generator Chua is used. As
parameter of identification it is offered to use the dimensionless parameter Z calculated under the
formula [2]:

Z 

kэ
 4s ,


(1)
where  - a counterexcess, kэ - entropic parameter,, s - asymmetry parameter/
During researches mathematical modelling the chaotic generator was carried out. The kind of
distribution of a signal of the generator was identified as arc sin interference.
For check of adequacy of modelling the circuit of generator Chua on the tunnel diode [3] has been
practically realized. With the help of eight digit analog-to-digital converter with frequency of
digitization 27 kGz the signal of the generator was digitized, the received readout entered the name in a
digital file which was used by the program of the identification realizing algorithm (the formula (1)).
The result of identification of a kind of distribution has coincided with result of modelling. The
density of probability had arksinuny distribution. At submission on an input of the generator of a
harmonious signal the kind of distribution changed.
References
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Feynman integrals and radiation of waves in two- and three-dimensional spaces
A. A. Potapov¹, A. E. Rassadin²
¹Kotel’nikov Institute of Radio Engineering and Electronics of RAS; <potapov@cplire.ru>
²Nizhny Novgorod division of A. S. Popov’s STSREC; <brat_ras@list.ru>
In report [1] we have found that one-dimensional plane wave can be expressed as
Feynman integral of the next kind:
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Furthermore using Green’s function of asymmetrical singular oscillator from paper [2]
we establish the following expression for Bessel functions:
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Let us consider expansions of two- and three-dimensional plane waves [3]:
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where Ylm () are spherical harmonics [3] and vectors k  R 3 and r  R 3 .
Substituting formulae (1) and (2) into formulae (3) and (4) we obtain untrivial
connections between Feynman integrals (1) and (2). One can understand these connections as
new example of application of nonstandard analysis [4].



References:
1. A. A. Potapov, A. E. Rassadin. Feynman Integrals, Fractal Radio Systems, or Do We Understand
What is Radio Engineering? // Proc From 17th Int. Conf. and Exh. ‘Digital Signal Processing and
Its Applications’, Moscow, 2015, V.1, pp. 103-109.
2. V. V. Dodonov, I. A. Malkin, V. I. Man’ko. Excitations of a nonstationary asymmetrical
singular oscillator // Nuovo Cimento B, 1974, V. 24, pp. 46 - 56.
3. L. D. Landau, E. M. Lifshits. Quantum mechanics — non-relativistic theory. 1989, M.,
Nauka, 768 p. — (Landau and Lifshits. Course of theoretical physics, vol. III).
4. V. A. Uspensky. What is nonstandard analysis? 1987, M., Nauka, 128 p.

54

О трехмерных диффеоморфизмах с одномерными базисными
множествами, просторно расположенными на 2-торах.
Шиловская А.А.
ННГУ им. Н.И. Лобачевского
a.shilovskaia@gmail.com
В докладе рассматривается класс G структурно устойчивых диффеоморфизмов,
заданных на трехмерном замкнутом многообразии M 3 и удовлетворяющих следующим условиям:
1. неблуждающее множество диффеоморфизма f ∈ G расположено на объединении T1 ∪T2 ∪· · ·∪Tk конечного числа k ≥ 2 попарно непересекающихся f -инвариантых
ручно вложенных в M 3 двумерных торов;
2. каждый тор Ti содержит в точности одно одномерное просторно расположенное базисное множество Ωi диффеоморфизма f ;
3. каждая компонента связности дополнения Ti \ Ωi содержит в точности одну
периодическую точку диффеоморфизма f .
Хорошо известно [1], что диффеоморфизм f : M 3 → M 3 является структурно
устойчивым, если он удовлетворяет аксиоме A С. Смейла (которая заключается в
гиперболичности неблуждающего множества N W (f ) и плотности в нем множества
периодических точек) и удовлетворяет строгому условию трансверсальности.
В силу теоремы о спектральном разложении С. Смейла неблуждающее множество диффеоморфизма, удовлетворяющего аксиоме A, состоит из объединения
замкнутых непересекающихся базисных множеств, каждое из которых содержит
транзитивную орбиту.
Напомним, что пара чисел (dimWxu , dimWxs ) не зависит от выбора точки x, принадлежащей базисному множеству Ωi , и называется его типом.
Напомним также, что базисное множество диффеоморфизма, удовлетворяющего аксиоме A, называется растягивающимся аттрактором (сжимающимся репеллером), если его размерность совпадает с размерностью неустойчивых (устойчивых)
многообразий его точек. Одномерный аттрактор (репеллер) всегда является растягивающимся (сжимающимся). Для диффеоморфизма из рассматриваемого класса
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G аттрактор (репеллер) имеет тип (1, 2) ((2, 1). Если же одномерное базисное множество не является ни растягивающимся аттрактором ни сжимающимся репеллером,
то оно является седловым базисным. При этом, если его тип есть (2, 1 то оно принадлежит объединению неустойчивых многообразий его точек, а если его тип есть
(1, 2), оно принадлежит объединению устойчивых многообразий его точек.
Основным результатом настоящего доклада является следующая теорема.
Теорема Неблуждающее множество N W (f ) диффеоморфизма f ∈ G либо содержит

k
2

одномерных аттракторов и

либо содержит

k
2

k
2

седловых базисных множеств типа (2, 1),

одномерных репеллеров и

k
2

седловых базисных множеств типа

(1, 2).
В работе [2] построен класс Φ модельных диффеоморфизмов на многообразии
b
MJb = T2 × R/∼ , где (z, r) ∼ (J(z),
r − 1) для некоторого алгебраического автоморфизма Jb тора T2 , заданного матрицей J ∈ GL(2, Z), которая либо является
гиперболической, либо J = ±Id. Каждый диффеоморфизм ϕ ∈ Φ локально является прямым произведением алгебраического автоморфизма тора T2 , заданного
гиперболической матрицей C ∈ GL(2, Z), такой что CJ = JC, и структурно устойчивого диффеоморфизма окружности S1 . Доказано, что каждый диффеоморфизм
f из класса G полусопряжен некоторому модельному диффеоморфизму ϕ ∈ Φ. В
настоящей работе найден полный топологический инвариант и доказаны необходимое и достаточное условия топологической сопряженности двух диффеоморфизмов
из класса G.
Работа была выполнена при частичной финансовой поддержке гранта РФФИ №
15-01-03687-а. Автор благодарит В.З.Гринеса за постановку задачи и внимание к
работе, а также О.В. Починку за полезные обсуждения.
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