Modeling Sea Slug Swim Central Pattern Generators
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Central pattern generators(CPGs) are neural networks which can produce rhythmic activity
in isolation and responsible for behaviors like walking, breathing, and swimming. The underlying mechanism of rhythm generation in CPGs is poorly understood. Understanding simple
structured invertebrate CPGs provide insight to more complex structures in the vertebrate central nervous system. We have developed a Hodgkin-Huxley type highly detailed and biologically
plausible mathematical model using the extensive data recorded from swim CPG of the sea slug
Melibe leonine and study the rhythmogenesis of oscillatory patterns emerging in network motifs composed of half-center oscillators. Half-center oscillators are the building blocks of larger
neural networks including CPGs controlling swim locomotion of the sea slug Melibe leonine.
To couple four interneurons forming Melibe swim CPG which are endogenous tonic spiking and
quiescent cells in isolation, the alpha, and dynamic synapses are used.

Applications of the Kolmogorov type inequalities
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Let us consider the next functional-diﬀerential equation [1]:
Ξ(n)
n (x) =
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Exact solution of this equation can be represented as following Fourier transform [1]:
∫ +∞
dq
Fn (q) exp(iqx)
Ξn (x) =
,
2π
−∞
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∏
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Function (2) is known to be compactly supported: supp Ξn = [−1, 1] and inﬁnitely diﬀerentiable: Ξn ∈ C ∞ (R) [1] therefore Ξn ∈ Lp ([−1, 1]) with p ∈ [1, +∞). In particular || Ξn ||1 = 1.
Moreover on the interval [−1, 1] Ξn (x) can be expressed by the next Fourier series [1]:
∞
1 ∑
Fn (πm) cos(πmx) .
Ξn (x) = +
2

(4)

m=1

Furthermore using ﬁniteness of function Ξn (x) it is easy to obtain from equation (1) that
(n)
|| Ξn ||1 = (n + 1)n . It means that applying the Stein inequality [2] under p = 1 we ﬁnd:
|| Ξ(k)
n ||1 ≤

Kn−k
1− k
Kn n

(n + 1)k ,

1

k = 1, n − 1 .

(5)

where Kk are well-known Favard constants.
After that combining the Nagy inequality [3] and Cauchy-Schwarz-Bunyakovskii inequality
one can establish that
1
1
1
√ ≤ || Ξn ||2 ≤ √ || Ξ′n ||12 .
(6)
2
2
Thus using inequality (5) under k = 1 from formula (2) due to the Plancherel theorem we
have:
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1
dq
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≤
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and from formula (4) due to Parseval’s identity we have:
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At last using ﬁniteness of function Ξn (x) again one can extract from equation (1) that
(n + 1)n+ 2 √ n
=
C2n || Ξn ||2 .
2n
1
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Inserting identity (9) into the Stein inequality under p = 2 we ﬁnd that:
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Quite similar to procedure of derivation of formulae (7) and (8) inequalities (6) and (10)
give us the possibility to write upper bounds for integrals:
∫ +∞
dq
q 2k Fn2 (q) , k = 1, n − 1 ,
2π
−∞
and for sums

∞
∑

(πm)2k Fn2 (πm),

k = 1, n − 1

m=1

with function (3).
In conclusion it is necessary to note that on the basis of inequalities (6) and (10) we can
estimate norms of function Ξn (x) in diﬀerent Sobolev spaces H l ([−1, 1]):
|| Ξn ||2H l =

l
∑

2
|| Ξ(k)
n ||2 ,

l = 1, n .

k=0
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The problem of stable working of power grids is a very important aim today. The aim
becomes more actual with growth of using of renewable energy sources. Power grids are subjected to many negative factors. That factors are natural and industrial disasters. For example,
transmission line breaking leads to power loss by consumers or power shortage. In this situation
synchronous generators are overloaded, its work in emergency mode, and then the phenomenon
of cascade failure of power plants occurs. Monitoring and control power systems are worthy of
special mention. The aim of stability of power grids produces diﬀerent problems. Real-time
control of the systems and local repairing are necessary for minimal network damage. Numeric
simulations of power grids allow us to clarify stable states which corresponds to the stable working of power grids. Besides, numerical methods help to optimize power grids, to increase the
system stability, to ﬁnd out parts of the power grid which are weak to the negative inﬂuence.
Goal. Our goals are demonstration of stable modes of the power grid, comparison of these
modes and stability testing of the system. Eﬀective model of the power grid is under investigation. Method. The model consist of three coupled oscillators. Two types of synchronized
modes are compared in the work. Results. The authors show that synchronization mode
with same phase velocities is more robust then the synchronization mode with diﬀer ones. Robustness to the consumed power perturbation, to the noise inﬂuence and to transmission line
breaking are considered. Discussion. Synchronization modes in the eﬀective model of the
network are observed in this paper. Following questions remain opened. How do these synchronization modes behave in other models of power grids? Also it is necessary to investigate
synchronization modes in networks with a more complex topology.
Keywords: power grids, synchronous machines, phase oscillators, synchronization of coupled
generators, stability of dynamic modes.
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We calculate the number PI from the problem of two billiard balls colliding with a wall
(Galperin billiard method). A complete explicit solution for the balls’ positions and velocities
as a function of the collision number and time is provided. We ﬁnd that the adiabatic approximation works not only close to the return point but also for any ball-wall collision, leading to
conservation of the action invariant. We ﬁnd new invariants of motion. Also, we recover previously known ones for which we provide a simple physical explanation in terms of the square of
the angular momentum and demonstrate that they coincide with the action invariant derived
within the adiabatic approximation close to the return point. We show that for general values
of the parameters the system is superintegrable and for some special values of the parameters
it is maximally superintegrable.
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We introduce a piecewise linear N-dimensional system A = As ∪ Al ∪ Ar in the domain
Gs : |x| < 1, y ∈ RN −2 , z < b
G = Gl : (x < −1, z ≤ b) ∪ (x < −sign y1 , z > b), y ∈ RN −2
Gr : (x > 1, z ≤ b) ∪ (x > −sign y1 , z > b), y ∈ RN −2
where b = const > 0 is an interval value for z and As ∈ Gs , Al ∈ Gl , Ar ∈ Gr such that
As :
Al :
Ar :
ẋ = x,
ẋ = −λ(x + 1) + ω(z − b), ẋ = −λ(x − 1) − ω(z − b),
y˙i = −αi yi , y˙i = −βi (yi + a),
y˙i = −βi (yi − a),
ż = −νz,
ż = −ω(x + 1) − λ(z − b) ż = ω(x − 1) − λ(z − b),

(1)

where αi > 1 > ν > 0 and a, βi , ω, λ are parameters, i = 1, 2, . . . , N − 2.
It is proven that this system ﬂow generates the skew product map satisfying a condition
for singular-hyperbolic attractor. Three scenarios of hyperbolicity violation are presented: 1)
the hyperbolicity violation occurs with a negative saddle value, 2) under a quadratic factor
mapping, 3) for a locally negative separatrix value. In the second and third cases, the violation
of hyperbolicity is accompanied by the formation of the so-called "bends" in the return Poincare
map.

(a)

(b)

Figure 1: (a) Singular-hyperbolic attractor in the system (1), (b) violation of hyperbolicity,
accompanied by the formation of bends in the Poincare map.
This work was supported by the RFBR (project 18-01-00556/18).
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On the appearance of Shilnikov attractors in one chemical model
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This work is devoted to the study of spiral attractors in the chemical oscillator model [1].
This system is a slow-fast system with one fast and two slow variables. It was found that the
spiral attractor appears in the model in accordance to the Shilnikov scenario [2]. Moreover, the
stable limit cycle in the system loses its stability due to the subcritical period doubling bifurcation, in contrast to other models (Rossler system, Rosenzweig-MacArthur system, ArneodoCoullet-Tresser system, etc.) in which stable limit cycle undergoes cascade of supercritical
period doubling bifurcations, see e.g. [3].
The study was implemented in the framework of the Basic Research Program at the National
Research University Higher School of Economics (HSE) in 2018.
[1] P. Gaspard, G. Nicolis What can we learn from homoclinic orbits in chaotic dynamics?
// Journal of Statistical Physics. 1983, Vol. 31, No. 3, pp. 499-518.
[2] L. P. Shilnikov The theory of bifurcations and turbulence. // Methods of qualitive
theory of diﬀerential equations. 1986, pp. 150-163.
[3] Yu. V. Bakhanova, A. O. Kazakov, A. G. Korotkov, T. A. Levanova, G. V. Osipov
Spiral attractors as the root of a new type of "bursting activity" in the Rosenzweig-MacArthur
model // https://arxiv.org/abs/1803.01700
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We analyze the behavior of a two-variable allosteric Goldbeter model of enzymatic reaction.
The model exhibits a high sensitivity to the variation of bifurcation parameters and initial
conditions. The modiﬁed version of this model includes non-linear recycling of the product into
substrate. This implies the bistability with the coexistence of the stable equilibrium and limit
cycle, or two stable oscillatory regimes with the birhythmicity.
For theoretical study of noise-induced eﬀects, the stochastic sensitivity functions technique
is used. It is shown that the phenomenon of the stochastic excitability in a stable equilibrium
zone results in large-amplitude spike oscillations. For a detailed analysis of the frequency
properties of stochastic oscillations, a statistical analysis of the interspike intervals is carried
out. In the unstable equilibrium zone it is demonstrated that a transition from limit cycles of
small amplitude to oscillations of large amplitude occurs through the so-called Canard cycles.
A critical value of the bifurcation parameter corresponding to the supersensitive Canard cycle
is found. Phenomenon of phantom attractor is presented and analysed.
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Study of phase pictures, bifurcations and synchronization
without computer aid
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The general problem of qualitative study of dynamical systems founded by H.Poincare,
A.M.lyapunov and A.A.Andronov is being solved by many scientists with continuously raising
new nontrivial questions. This talk presents some contributions to the solution of several deﬁnite
problems of dynamical systems without computer aid in contrast to many similar researches.
That is the homoclinic bifurcations, diﬀerent attractors, synchronization in network of oscillator,
etc. The two dimensional auxiliary systems approach for periodic orbits existence, attractors
localization and arrangement of the stable and unstable manifolds including homoclinic and
heteroclinic bifurcations is presented. Diﬀerent attractors are exhibited.
This work was supported by the RFBR (project 18-01-00556/18).
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Several complex systems across science and engineering display on–oﬀ intermittent coupling
among their units. Most of the current understanding of dynamics and synchronization in
switching networks relies on the fast switching hypothesis, where the network dynamics evolves
at a much faster time scale than the individual units. In this talk, we will go beyond fast
switching and uncover a highly nontrivial phenomenon by which a network can switch between
two asynchronous regimes and synchronize against all odds [1]. We will establish rigorous
theory for the stability of discrete-time dynamical systems and networks for arbitrary switching
periods. Using stability and ergodic theories, we will demonstrate the emergence of windows
of opportunity and elucidate their nontrivial relationship with network dynamics under static
coupling. We will provide analytical criteria for (i) the stability of mutual synchronization in a
stochastically switching network of coupled maps [2,3]; (ii) the ability of a single map to control
an arbitrary network of maps [4], and (iii) the stability of jump linear systems [5]. Our results
provide a rigorous basis for understanding the dynamic mechanisms underlying the emergence
of windows of opportunity and leveraging non-fast switching in the design of evolving networks.
This work was funded by the US Army Research Oﬃce under Grant No. W911NF-15-1-0267.
1. R. Jeter and I. Belykh, “Synchronization in on-oﬀ stochastic networks: windows of opportunity,” IEEE Transactions on Circuits and Systems I: Regular Papers, V. 62, No 5,
pp. 1260-1269 (2015).
2. O. Golovneva, R. Jeter, I. Belykh, and M. Porﬁri, “Windows of opportunity for synchronization in coupled stochastic maps,” Physica D, V. 340, pp. 1-13 (2017).
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Oscillator Networks: Collective Dynamics
through Generalized Interactions
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Brain function is linked to the dynamics of the underlying network of neural oscillators and
the rhythms it generates through synchronization and other collective behavior. The Kuramoto
model, which has been widely used to study collective dynamics in oscillator networks in the
neurosciences and beyond, assumes that interactions between oscillators is determined by the
sine of the diﬀerences between pairs of oscillator phases. We show that more general interactions
between identical phase oscillators allow for a range of collective eﬀects, ranging from chaotic
ﬂuctuations to switching dynamics between states that are locally frequency synchronized.

Rotational dynamics in the ensemble of three coupled pendulums
M. I. Bolotov1 , V. O. Munyayev1 , L. A. Smirnov1,2 and G. V. Osipov1
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We investigate the rotational nonlinear dynamics of a three coupled pendulums chain. We
demonstrate that the system has two value ranges of the coupling strength, in which an inphase (synchronous) rotation becomes unstable and a resulting motion is not in-phase one. We
develop an asymptotic theory, which allows one to analytically ﬁnd the boundaries of the instability domains mentioned above and clearly shows that this process is caused by a self-induced
parametric inﬂuence of pendulums’ periodic movement to its small perturbations. For values
of the coupling strength lying in the intervals of the instability of in-phase periodic motion and
near by their boundaries we numerically ﬁnd a number of another out-of-phase rotation modes
and study in detail their stability and bifurcations. In particular, we demonstrate that chaos
throw the cascade period doubling bifurcations arises naturally here. As a result, we obtain a
7

suﬃciently detailed picture of the breaking of symmetry in a chain. We report that the emergence of chaotic dynamics leads to the fact that the family of symmetry-broken states includes
two types of chaotic attractors. The ﬁrst of them is characterized by pairwise diﬀerent dynamics
of the chain elements. In the second regime, two oscillators moving irregularly are synchronized
and one pendulum rotates separately. These states with partially broken symmetry are chaotic
chimeras.
The work was supported by RSF grant No. 14-12-00811.
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We consider chimera states in a one-dimensional medium of nonlinear nonlocally coupled
phase oscillators. In terms of a local coarse-grained complex order parameter, the problem of
ﬁnding stationary rotating nonhomogeneous solutions reduces to a third-order ordinary diﬀerential equation. This allows ﬁnding chimera-type and other inhomogeneous states as periodic
orbits of this equation [1]. Stability calculations reveal that only some of these states are stable. We demonstrate that an oscillatory instability leads to a breathing chimera, for which
the synchronous domain splits into subdomains with diﬀerent mean frequencies [2, 3]. Further
development of instability leads to turbulent chimeras [3].
The work was supported by RSF grant No. 17-12-01534 and RFBR grant No. 18-32-00973.
[1] L. A. Smirnov, G. V. Osipov, A. Pikovsky, Chimera patterns in the Kuramoto-Battogtokh
model, J. Phys. A: Math. Theor. 50 , 08LT01 (2017).
[2] M. I. Bolotov, L. A. Smirnov, G. V. Osipov, A. Pikovsky, Breather chimeras in the system
of phase oscillators, JETP Letters 106, 6 (2017).
[3] M. Bolotov, L. Smirnov, G. Osipov, A. Pikovsky, Simple and complex chimera states in a
nonlinearly coupled oscillatory medium, Chaos 28, 045101 (2018).

Hardware neuron model: excitation and bursting
Bolshakov D.I., Zhukova N.S., Mishchenko M.A., Matrosov V.V.
National Research Lobachevsky State University of Nizhny Novgorod, Russian Federation
denis.bolhakov@gmail.com
The hardware implementation of the neuron model based on the phase-locked loop has been
developed. Mathematical modelling carried out earlier has shown the presence of diﬀerent selfoscillating modes. Oscillations in this modes are qualitatively similar to some dynamic modes
of neurons. We have observed regular spiking, regular bursting and chaotic bursting modes.
The number of spikes in burst can be controlled by model parameters. Parameter space of
8

the model has been separated into areas of diﬀerent modes presence by bifurcation analysis of
model dynamics.
We developed a hardware electronic prototype of the model. Oscillations in the prototype
have been observed. Similar self-oscillating modes have been found in hardware as in mathematical model. We could control parameters of the model in hardware by changing values of
some elements (digital potentiometers, frequency dividers) via PC user interface that lead to
mode change and oscillations’ parameter control (period, amplitude etc.) Hardware prototype
could work both in real-time (real neuron time scale) and accelerated time.
The excitability of the neuron model in response to periodic pulsed simulation has been observed both theoretically and experimentally. The neuron’s responses to stimulation have been
synchronized with diﬀerent rational frequency ratios depending on the amplitude of stimulation.
The reported study was partly funded by RFBR, according to the research project No.
16-31-60080 mol_а_dk (MM). Authors acknowledge partial support from the grant from the
President of the Russian Federation (project MK-2726.2017.2).

Homogeneous states in the system of nonidentical phase oscillators
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We consider a ring system of nonlocally coupled nonidentical phase oscillators. To analyze
this system, we use the Ott-Antonsen approach, which allows obtaining closed equations for a
complex order parameter [1]. Using this approach, we ﬁrst construct simple states with non-zero
mean ﬁeld and analyze their linear stability. Then, performing numerical simulations within
the initial model, we show that such structures at certain parameters can be transformed to
nonhomogeneous states or to more complex regimes with an irregular behavior of the local order
parameter.
The work was supported by RSF grant No. 17-12-01534 and RFBR grant No. 18-32-00973.
[1] L. A. Smirnov, G. V. Osipov, A. Pikovsky, Chimera patterns in the Kuramoto-Battogtokh
model, J. Phys. A: Math. Theor. 50 , 08LT01 (2017).

On quasi-periodic perturbations of Duﬃng – Van der Pol equation
Dragunov T.N., Morozov A.D.
Lobachevsky State University of Nizhni Novgorod
dtn@mm.unn.ru
The subject of the study is the equation
ẍ = x − x3 + ε((p1 − x2 )ẋ + F (t)),
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(11)

where ε is a small parameter, F (t) = p2 sin ω1 t sin ω2 t, p1 , p2 are parameters. Suppose
√ that
frequencies ω1 and ω2 are rationally incommensurable, for example, ω1 = 1, ω2 = 5. The
unperturbed equation has the invariant of motion H(x, ẋ) = h.
When p2 = 0 the equation has limit cycles [1]. Denote by h0 a simple zero of PoincarePontryagin generating function. When p2 ̸= 0 the unperturbed equation has resonance levels
deﬁned by condition nω(hnk1 k2 ) = k1 ω1 +k2 ω2 , where n, k1 , k2 are integers, ω(h) is the frequency
of motion on the closed curve H(x, ẋ) = h of the unperturbed equation [2]. We discuss the
case when h0 ≈ hnk1 k2 and study the transition of three-dimensional invariatn torus through a
resonance zone.
This work is supported by RFBR, grant 18-01-00306 A.
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Multidimensional Hyperbolic Annulus Principle
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A special class of diﬀeomorphisms of an annulus was studed. We prove the so-called annulus
principle; i.e., we suggest a set of suﬃcient conditions under which each diﬀeomorphism in a
given class has an m-dimensional expanding hyperbolic attractor. We ﬁx some open set U ⊂ Rk ,
k ≥ 2, containing the origin, denote the torus
Tm = {φ = colon (φ1 , φ2 , . . . , φm ) ∈ Rm : 0 ≤ φj ≤ 2πmod
( 2π), j = 1, 2, . . . , m}

(1)

by Tm , m ≥ 1, and consider a diﬀeomorphism Π : U × Tm → Rk × Tm of the form
Π : v → f (v, φ),

φ → Λφ + g(v, φ)mod
( 2π).

(2)

where v ∈ U, φ ∈ Tm . Here Λ is an m × m matrix with integer entries all of those eigenvalues
have absolute values exceeding unity. Below we assume that the vector functions f (v, φ) ∈
C 1 (U × Rm ; Rk ), g(v, φ) ∈ C 1 (U × Rm ; Rm ) are 2π-periodic in the vector argument φ. The
vector Λφ + g(v, φ) mod
(
2π) is the natural projection of the vector Λφ + g(v, φ) from Rm onto
the torus (1). An annulus or a solid torus is deﬁned as a set K of the form
K = {w = (v, φ) : ||v|| ≤ r, φ ∈ Tm } = B × Tm ,

(3)

where r = const > 0, and B = {v ∈ Rk : ||v|| ≤ r}. We assume that, ﬁrst, B ⊂ U, i.e., the
operator (2) is deﬁned on the annulus (3); second, the following (inclusion holds:
) Π(K) ⊂ int K,
∂g
where int K is the interior of the set K; third, the inequality det Λ + ∂φ (v, φ) ̸= 0. is satisﬁed
for each (v, φ) ∈ B × Rm . In addition, we assume that, for each v ∈ B, the equation Λφ +
g(v, φ) = u, u ∈ Rm uniquely determines the vector function φ = Σ(u, v) ∈ C 1 (Rm × B; Rm ).
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The study of diﬀeomorphisms of the form (2) was initiated by Smale [1]. More precisely,
a general principle of the construction of self-mappings of an annulus that admit hyperbolic
attractors of the solenoidal type, was stated in that paper. Later, which principle was used to
suggest a series of particular example of such attractors (see [2–4]). Note also that diﬀeomorphisms (2) arise in the study of the so-called blue sky catastrophe [5] related to the vanishing
of a saddle–node invariant torus with a quasiperiodic winding. This shows that the analysis of
their dynamical properties is quite topical.
Here, we generalize a result in [6] dealing with the mapping (2) for m = 1 to the case of
arbitrary m ≥ 1. More precisely, just as in [6], below we suggest a set of suﬃcient conditions on
the functions f and g in (2) ensuring that the diﬀeomorphism Π has an expanding hyperbolic
attractor of the topological dimension m in the annulus K. In other words, we obtain a
multi-dimensional version of the hyperbolic annulus principle similar to the well-known annulus
principle in the problem on the existence and stability of an invariant torus [7].
Acknowledgments. This work was supported by the State Programme of the Ministry of
Education and Science of the Russian Federation, project no 1.12873.2018/12.1
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On bifurcations of maps of the cylinder with a cubic function of rotation
Ghannam Ali
Nizhny Novgorod state University
ali.ghannam@outlook.sa
We investigate the map :
θ̄ = θ + f (x̄), x̄ = x + K sin θ,
where f (x) = αx + βx2 − x3 , α, β are parameters. In the plane of parameters, there are numerically constructed bifurcation lines of reconstruct (reconnect) separatrix of saddle points and
bifurcations of ﬁxed points. These lines break the parameter plane into 5 areas. The behaviour
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of trajectories in each of these areas for small K is resulted. We consider a Hamiltonian system
which approximates the mapping for small K. For this system, bifurcation lines of separatrix
re-connection (which are consistent with the numerical results of the mapping) are constructed
analytically; the possible phase portraits are built, which, at small K, become close to phase
portraits of the mapping.

On local and global aspects of the 1:4 resonance
in the conservative cubic Hénon maps
Marina Gonchenko
Universitat de Barcelona
mgonchenko@gmail.com
We study the 1:4 resonance for the conservative cubic Hénon maps C± with positive and
negative cubic term. These maps show up diﬀerent bifurcation structures both for ﬁxed points
with eigenvalues ±i and for 4-periodic orbits. While for C− the 1:4 resonance unfolding has
the so-called Arnold degeneracy (the ﬁrst Birkhoﬀ twist coeﬃcient equals (in absolute value) to
the ﬁrst resonant term coeﬃcient), the map C+ has a diﬀerent type of degeneracy because the
resonant term can vanish. In the last case, non-symmetric points are created and destroyed at
pitchfork bifurcations and, as a result of global bifurcations, the 1:4 resonant chain of islands
rotates by π/4. For both maps several bifurcations are detected and illustrated.
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Software MatCont: Applications and recent Advances
W. Govaerts, Yu.A. Kuznetsov, H.G.E. Meijer and N. Neirynck
Ghent University, Utrecht University, University of Twente
Willy.Govaerts@UGent.be
’MatCont’ stands for ’Matlab Continuation’. Its counterpart for discrete time systems
generated by iterated maps is called ’MatContM’. Both packages can be used either from the
command line or by using a GUI. The command line use is referred to as Cl_MatCont or
Cl_MatContM, respectively.
The project is lead jointly by W. Govaerts, Yu.A. Kuznetsov, and H.G.E. Meijer. The
development of noninteractive MatCont started with the master theses of A. Riet (Utrecht,
2000) and W. Mestrom (Utrecht, 2002). The ﬁrst GUI was built soon after by A. Dhooge
(Gent) and announced in 2003 in TOMS.
The software was gradually built in collaboration with Master and PhD students at Utrecht
and Gent (B. Sautois, V. De Witte, R. Khoshsiar Ghaziani, N. Neirynck, L. Vanhulle) and
external collaborators (O. De Feo, V. Govorukhin, E. Doedel, J.D. Pryce). It is available from
www.sourceforge.net.
MatCont(M) focuses more on bifurcations, normal forms and branch switching than any
other dynamical systems package. For example, there is no other software that computes the
normal form coeﬃcients for codim 2 bifurcations of limit cycles. MatCont is used by scientists in nearly all ﬁelds of quantitative science. On April 11, 2018 in the Web of Science core
collection 596 papers cited the ﬁrst (2003) paper on MatCont. The follow-up paper (2008)
was then cited 47 times. To give examples, there are references from papers on:
-Steady states in coupled oscillators
-Benard convection
-Bacteria-phage interaction in a chemostat
-Organic matter decomposition in a chemostat
-Design of cell cycle oscillators
-Use of transcriptomic data (Systems biology)
-Control of rotating blade vibrations
-Vehicle systems dynamics
-Underactuated mechanical systems
-Resonances of an accelerating beam
-Electronic circuits
-Population dynamics of Xenopus tadpole
-Predator-prey models
-Bottom ﬁshing
-Dynamics of landscapes
-Neural models
-Pattern storage in neural networks
-Small neural circuits
-Metabolic Engineering (Bioinformatics)
-Insulin secretion and hepatitis
-Chemical reaction engineering
-Biochemistry
-Magnetic Resonance Force Microscopy
-Harvesting piezoelectric vibration energy
-Aeronautical engineering
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-Infectious diseases
The success of MatCont is probably due to the fact that the entry level is low; it is written
in Matlab and the tutorials are relatively easy to follow and suﬃcient for many purposes. On
the other hand the frequent changes in Matlab (two releases every year) and in particular the
major changes in the Matlab GUI in 2008a and 2014b caused problems. In fact, we hope to
develop a completely new GUI for MatCont in the near future. The GUI of MatContM was
written more recently and does not need a major update.
In recent years many improvements were made in MatCont and MatContM. Apart from
minor additions and correction of bugs we mention:
• Merging of MatCont and Cl_MatCont. In MatCont5.4 (September 2014) and
earlier versions of MatCont the command-line and GUI versions were separate. The
GUI version now runs on top of the command-line algorithms.
• Improved code for generating the system m-ﬁles. These ﬁles are sometimes called odeﬁle
or mapﬁle to indicate whether odes or maps are being studied. They are an essential
part of the GUI versions of MatCont and MatContM. In previous version there were
severe restrictions on names of parameters and state variables. This is now solved by
introducing an intermediate layer of names when using the symbolic toolbox. Also, in the
present versions spaces are allowed between the names of state variables, of parameters,
and in the equations.
• Improved version of building system m-ﬁles in the case of userfunctions. In the previous
versions of both MatCont and MatContM the symbolic derivatives of the system mﬁle were recomputed after each adding or removing of a userfunction. The new version
is more eﬃcient: it manipulates the structure of the set of userfunctions separately and
reads the other symbolic derivatives of the system m-ﬁle from a saved Matlab mat-ﬁle.
• Standalone versions for building system m-ﬁles. The command line packages Cl_MatCont
and Cl_MatContM also need system m-ﬁles. N. Neirynck wrote a standalone software
that allows to build such ﬁles.
• In Cl_MatContM manifold and connection computations were implemented, improved
and documented in the manual. They were also introduced in MatContM and an
interface from the command line was created to load the computed manifolds into the
Matlab workspace.
• MatContM now contains two routines to compute the Lyapunov exponents of a map.
One uses a QR-based method to compute all Lyapunov exponents. The other is a more
restricted but eﬃcient algorithm to compute the largest Lyapunov exponent in the case
of planar systems. In both cases the output is written into the Matlab workspace.
• Laura Vanhulle developed an improved algorithm to compute in matlab the intersection
points of two one-dimensional manifolds in a planar system (typically a stable one and
an unstable one). It is by now implemented in (Cl_)MatContM.
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Nonautonomous vector ﬁelds on S 3
with wildly embedded invariant manifolds
V.Z.Grines1 , L.M.Lerman2
1 Higher

School of Economics, Nizhny Novgorod Branch
State University of Nizhny Novgorod
vgrines@yandex.ru; lermanl@mm.unn.ru

2 Lobachevsky

In this talk we present new interesting examples of nonautonomous periodic, almost periodic
or even nonrecurrent vector ﬁelds on 3-dimensional sphere S 3 . The main feature of these systems is that they have in the extended phase manifold S 3 × R a wildly embedded 2-dimensional
unstable and 3-dimensional stable separatrix sets of some integral curve γ possessing an exponential dichotomy on the real line R. In this sense, the topological structure of these vector
ﬁelds is complicated. On the other hand, such vector ﬁeld has a rather simple structure of its
foliations into integral curves (ICs, brieﬂy) in S 3 × R from the dynamical point of view.
The construction of such nonautonomous vector ﬁelds exploits two ideas. One belongs to
Pixton and was developed further by Bonatti, Grines and others [1]. They constructed a simple
3-dimensional Morse-Smale diﬀeomorphism on S 3 which have, as a nonwandering set, only four
ﬁxed points: a source, one saddle of (1,2) type and two sinks. The unstable manifold of the
saddle is 1-dimensional and the saddle divides it into two separatrices. One of these separatrices
is wildly embedded (another one is tamely embedded). The presence of such wildly embedded
1-dimensional separatrix of the saddle ﬁxed point implies wild embedding its 2-dimensional
unstable manifold.
The second idea is borrowed from [2]. It uses the construction of so-called nonautonomous
suspension over a diﬀeomorphism. Namely, suppose f : M → M be some diﬀeomorphism of
a smooth (C ∞ ) closed manifold M . Its (usual) suspension is a smooth closed manifold Mf
of dimension dimM + 1 with a standard vector ﬁeld v on Mf . The manifold Mf is a bundle
p : Mf → S 1 over circle S 1 with the layer M and for the ﬂow generated by v any leaf Mθ over
θ ∈ S 1 is a global cross-section. This construction allows one to construct vector ﬁelds with the
dynamics as for the dynamics of the mapping f .
The nonautonomous suspension is deﬁned when one takes a covering map exp : R → S1
gf → Mf which gives a commutative
as s → e2πis and considers the related lifted map eg
xp : M
gf is a
diagram exp ◦ p̃ = p ◦ eg
xp. The map p̃ being a bundle over R says that topologically M
direct product M × R but it can be not a direct product as a uniform space with the uniform
structure lifted by the map eg
xp, if f n is not homotopic to the identity map idM [2].
gf can be endowed
Diﬀeomorphism f : S 3 → S 3 is diﬀeotopic to the identity. In this case, M
with the structure of direct product S 3 × R. Also a foliation into orbits of v in Mf is lifted
into a foliation into inﬁnite curves in S 3 × R. Moreover, this latter foliation deﬁnes some
nonautonomous vector ﬁeld V on S 3 such that its foliation into integral curves (ICs, brieﬂy)
in S 3 × R is uniformly equivalent to the foliation deﬁned. This nonautonomous vector ﬁeld
is periodic in t ∈ R and is of the gradient-like type [3]. It is structurally stable and one
can perturb it by an almost periodic perturbation or even nonrecurrent perturbation. This
perturbed vector ﬁeld preserves the uniform structure, in particular, it has four ICs possessing
an exponential dichotomy on the entire line R: completely unstable, saddle of the type (2,3)
and two completely stable ones. All other ICs possess an exponential dichotomy on semi-lines
R+ , R− separately, types of dichotomy on semi-axes can be diﬀerent.
Acknowledgement
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Homoclinic chaos in the oscillatory system
of motion of a plate in a liquid
Gurina T.A.
Moscow Aviation Institute (National Research University)
gurina-mai@mail.ru
We consider a model of the chaotic motion of a plate in a viscous ﬂuid, described by an
oscillatory system of three ordinary diﬀerential equations with a quadratic nonlinearity. The
system contains ﬁve positive bifurcation parameters associated with dissipation and circulation.
A surface equation is found in the parameter space on which the Andronov-Hopf bifurcation
of the creation of the limit cycle occurs. Near the Andronov-Hopf surface, the Feigenbaum
cascades of the doubling cycle period and the Sharkovskii subharmonic cascades, which end
with a cycle of period three, are realized.
The saddle numbers of the saddle-node and two saddle-focuses in the current range of
parameters are almost everywhere nonzero. The homoclinic butterﬂy of the saddle-node and
the homoclinic trajectories of the saddle-focuses are determined by a numerical-analytic method
with a given error of joining the parts of the homoclinic trajectory entering the singular point
at t → +∞ and t → −∞. In the system, homoclinic cascades of bifurcations are realized in the
destruction of homoclinic trajectories, a strange attractor is formed. Graphs and maps of the
largest Lyapunov exponent and bifurcation diagrams show that when the dissipation coeﬃcients
change, the system goes to chaos in several stages, between which there are regular windows.
The reported study was funded by Russian Foundation for Basic Research (RFBR) according
to the research project No. 18-01-00820.
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Synchronization of neuroglial networks,
induced by extracellular factors
Kalyakulina A.I., Pankratova E.V., Stasenko S.V.,
Gordleeva S.Yu., Lazarevich I.A., Kazantsev V.B.
Lobachevsky State University of Nizhny Novgorod
kalyakulina.alena@gmail.com
External information, received by animals from the environment, is processed in the central
nervous system. It is assumed that the behavioral activity of the animal is associated with various regimes of neural networks activity of the brain. In such networks neurons, that have many
synaptic contacts, process large amount of transmitted signals. It is believed that the transfer and processing of information at the cellular level of the nervous system is associated with
changes in membrane currents and membrane potential, which is due to electrical excitability of
neurons [1]. Recently, it has been shown that in addition to various types of neurons, other cells
and brain structures (in particular, glial cells – astrocytes) also participate in the processing
and transmission of information. Astrocytes are able to excrete gliotransmitters, which regulate
the excitability of neurons and, therefore, show the ability of glia to inﬂuence the function of
the neural network [2, 3, 4].
To study the dynamics of the neuroglial network, we consider the previously proposed computational model of bi-directional astrocytic regulation of neuronal activity [5] and generalized
this model to the case of several neurons connected by the astrocyte. Nontrivial changes in
neuronal activity observed with an increase in the yield of the gliotransmitter were found, and
results were obtained that illustrate the ability of astrocytes to synchronize the membrane potentials of postsynaptic neuronal cells due to a change in the concentration of the two types of
gliotransmitters.
1. Hille B. Sunderland: Sinauer Associates (2001).
2. Kozlov A.S., Angulo M.C., Audinat E., Charpak S. Proceedings of the National Academy
of Sciences. 103:26. 10058 (2006).
3. Perea G., Navarrete M., Araque A. Trends in Neurosciences. 32:8, 421 (2009).
4. Amiri M., Bahrami F., Janahmadi M. Journal of Theoretical Biology. 292, 60 (2011).
5. Gordleeva S.Yu., Stasenko S.V., Semyanov A.V., Dityatev A.E., Kazantsev V.B. Frontiers
in Computational Neuroscience. 6:92, 1 (2012).

Behavior of solutions of spatially distributed delay logistic equation
Kashchenko I.
Yaroslavl State University
iskaschenko@gmail.com
The Hutchinson equation
dN
= r[1 − N (t − h)]N
dt

(r, h > 0)

plays an especial role in modeling of mathematical ecology problems. In the present work we
will study more complex model for description of quantity N = N (t, x), which depends also on
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spatial variable x ∈ (−∞, ∞):


∫∞
∂N
∂2N
= r 1 −
F (s)N (t − h, x + s) ds N + δ 2 2 ,
∂t
∂x

N (t, x + 2π) ≡ N (t, x).

(1)

−∞

The aim of present work is to study the dynamics in the neighborhood of the equilibrium state
[1].
We will focus our attention below on two particular classes of kernel functions F (s), each
having a speciﬁed biological meaning. The ﬁrst one (“one-peak”) is deﬁned by formula
σ
2 2
F (x) = √ e−σ x ,
π

(σ > 0).

For the second type (“three-peak”) we have
)
ασ0
1 − α ( −σ12 (x−β1 )2
2 2
2
2
F (x) = √ e−σ0 x + √
σ1 e
+ σ2 e−σ2 (x−β2 ) .
π
2 π
Parameters satisfy next conditions: 0 < α < 1, σ0 , σ1 , σ2 > 0, β1 and β2 are arbitrary. Note
∫∞
that in both cases the normalizing constants are chosen so that
F (x) dx = 1.
−∞

Base assumption that allows us applying asymptotic methods to analyze the behavior of
solutions of (1) in a neighborhood of the state of equilibrium is as follows: δ and βj are small
and σ and σj are large enough.
The method of research based is based on the special method of quasynormal forms [1].
The main idea of this method is to build special nonlinear equation, which dynamics describes
behavior of initial equation’s solutions in small neighbourhood of steady state.
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Features of synchronization of periodic self-sustained oscillators
interacting through the memristive conductivity
Korneev I. A., Vadivasova T. E., Semenov V.V.
Saratov State University, Russia
ivankorneew@yandex.ru, vadivasovate@yandex.ru, semenov_v_v@list.ru
The mutual synchronization of two Van der Pol self-sustained oscillators with frequency
detuning interacting through the memristive conductivity is investigated. Both methods of
quasi-harmonic analysis and computer simulation of oscillations are used. It is shown that
the phase-locking eﬀect and the boundaries of the synchronization region with variation of
parameters depend on the initial conditions. This phenomenon is associated with the existence
of an equilibrium line in the equations of the system. A small perturbation of the equation
describing the dynamics of the variable controlling the memristor leads to the disappearance
of the equilibrium line and eliminates the dependence of the synchronization on the initial
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conditions. In this case, the consequence of the memristive coupling can be long transient
processes, depending on the initial state of the system.
The work was supported by the Ministry of Education and Science of the Russian Federation
(project code 3.8616.2017 / BC).

The dynamics of ensemble of neuron-like elements
with excitatory couplings
Korotkov A. G.1 , Kazakov A. O.2 , Levanova T. A.1 , Osipov G. V.1
1

2

Lobachevsky University of Nizhny Novgorod
National Research University Higher School of Economics, Nizhny Novgorod

We study the phenomenological model of ensemble of two FitzHugh-Nagumo neuron-like
elements [1] with symmetric excitatory couplings. The main advantage of proposed model is the
new approach to model of coupling which is implemented by smooth function that approximate
rectangular function in accordance with the biological principles [2]. The proposed coupling
depends on three parameters that deﬁne the beginning of activation of an element α, the
duration of the activation δ and the strength of the coupling g. We observed a rich diversity
of diﬀerent types of neuron-like activity, including regular in-phase, anti-phase and sequential
spiking activities. In the phase space of the system, these regular regimes correspond to speciﬁc
asymptotically stable periodic motions (limit cycles). We also observed in the proposed model
a chaotic anti-phase activity, which corresponds to a strange attractor that appears due to the
cascade of period doubling bifurcations of limit cycles.
In addition, we investigate in the paper an interesting phenomenon when two diﬀerent
chaotic attractive regimes corresponding for two diﬀerent types of chaotic anti-phase activity
merge in a single strange attractor. As a result, a new type of chaotic anti-phase regime appears
from the collision of these two strange attractors by explosion.
We also provide the detailed study of bifurcations which lead to transitions between all these
regimes and detect on the (α, δ) parameter plane those regions that correspond to the abovementioned regimes. We also show numerically the existence of bistability regions when various
non-trivial regimes coexist. For example, in some regions, one can observe either anti-phase or
in-phase oscillations depending on initial conditions. We also specify regions corresponding to
coexisting various types of sequential activity.
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Spatiotemporal self-organization in stochastic Brusselator
Kolinichenko A.P., Ryashko L.B.
Ural Federal University
kolinichenko_ale@hotmail.com
In this paper the distributed Brusselator model with diﬀusion is analyzed. In zones of
Turing instability the diversity of spatially heterogenous structures is examined, including the
possible transitions between them under the inﬂuence of random perturbations. The scenario
of noise-induced pattern generation is viewed in the zone of Turing stability. The impact of
Turing instability on the limit cycle oscillations is considered. Study conducted under the grant
of Russian Science Foundation, project 16-11-10098.

On a wild spiral attractor in four-dimension Shimizu-Morioka model
I.M. Korenkov, A.O. Kazakov
National Research University High School of Economics
vanyakorenkov@mail.ru, kazakovdz@yandex.ru
In this study we show that the presented in [1] four-dimensional extension of the ShimizuMorioka system can possess a wild spiral attractor of Turaev-Shilnikov type [2]. The main
features of such attractor is that it possesses a pseudo-hyperbolic structure. Speaking shortly,
this feature means that, in a neighborhood D of the attractor, there is a “weak” version of hyperbolicity: there is a partition of D into two subspaces (strongly contracting E ss and volume
expanding E cu ) that are transversal and invariant with respect to the diﬀerential of the ﬂow
and such that the exponential contractions along all directions exist in E ss and the exponential expansion of the volumes exist in E cu . It is also required that such a partition depends
continuously on a point from D.
The work was supported by RSF grant 17-11-01041.
[1] L.P. Shilnikov, A.L. Shilnikov, D.V. Turaev, L.O. Chua. Methods Of Qualitative Theory
In Nonlinear Dynamics (Part II). World Sci // Singapore, New Jersey, London, Hong Kong. –
2001.
[2] D. Turaev, L.P. Shilnikov, An example of a wild strange attractor. // Sbornik: Mathematics. 1998, Vol. 189, No. 2, pp. 291–314.

On resonances and homoclinic bifurcations
in an asymmetric pendulum type equation
Kostromina O.S.
Lobachevsky State University of Nizhny Novgorod
os.kostromina@yandex.ru
Time-periodic perturbations of an asymmetric pendulum type equation close to an integrable one are considered. An analysis of this equation involves the solution of the following
problems: to establish the structures of resonance zones outside the neighborhood of unperturbed separatrices and to determine the conditions for the existence of Poincare homoclinic
structures in a small neighborhood of unperturbed separatrices.
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Since the resonance structures essentially depend on whether the selected closed phase
curves of the unperturbed equation coincide with the levels that generate the limit cycles in the
perturbed autonomous equation, the problem of the number and location of the limit cycles is
solved.
A bifurcation diagram, describing the main cases of the relative position of separatrices
of the ﬁxed saddle point for the Poincaré map is constructed. A feature of the structure of
homoclinic zones with nonsmooth boundaries is noted. Initially, the structure of such zones
and its boundaries for a two-parametric families of maps with a homoclinic ﬁgure-eight of a
dissipative saddle was described in [1]. Then in [2] similar results were obtained (using numerical
analysis) for an asymmetric Duﬃng–Van-der-Pol equation, close to an integrable one with a
homoclinic ﬁgure-eight.
This work was partially supported by RFBR, No 16-01-00364 and No 18-01-00306.
[1] Gonchenko, S.V. Richness of dynamics and global bifurcations in systems with a homoclinic ﬁgure-eight / S.V. Gonchenko, C. Simo, A. Vieiro // Nonlinearity. – 2013. – V. 26, No 3. –
P. 621–678.
[2] Kostromina, O.S. To the study of bifurcation and chaotic phenomena in the system with
a homoclinic ﬁgure-eight / O.S. Kostromina // Nonlinear dynamics, 2016. – V. 12, No 1. –
P. 31–52 (in Russian).

On asymmetric Lorenz attractors of three-dimensional systems
Kozlov A.
Higher School of Economics and Lobachevsky State University, Nizhny Novgorod
kozzzloﬀ@list.ru
In the study a new method of constructing of three-dimensional ﬂow systems with diﬀerent
chaotic attractors is presented. Using this method, an example of three-dimensional system
possessing an asymmetric Lorenz attractor is obtained. Unlike the classical Lorenz attractor,
the observed attractor does not have symmetry. However, the discovered asymmetric attractor,
as well as classical one, belongs to a class of genuine chaotic or, more precise, pseudohyperbolic
attractors; the theory of such attractors was developed by D.Turaev and L.P.Shilnikov. Any
trajectory of a pseudohyperbolic attractor has a positive Lyapunov exponent and this property
holds for attractors of close systems. In order to ﬁnd the non-symmetric Lorenz attractor we
applied the method of "saddle chart". Using diagrams of maximal Lyapunov exponent, we
show that there are no stability windows in the neighborhood of the observed attractor. In
addition, we verify the pseudohyperbolicity for the non-symmetric Lorenz attractor using the
LMP-method developed quite recently by Gonchenko, Kazakov and Turaev.
This study was supported by grant 17-11-01041 of the RSF.

On spatialtemporal patterns in 2D model of
two-aged populations coupled by migration
Kulakov M.P.
Institute for Complex Analysis of Regional Problems FEB RAS, Birobidzhan, Russia
k_matvey@mail.ru
The article is devoted to results of modeling for spatial dynamics of a two-aged population
in a two-dimensional areal (2D). The model based on non-locally coupled two-dimensional maps
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with the following assumptions. Migration is nonlocal coupling in some neighborhood (in the
simplest case, in a circle) and intensity of the individuals outﬂow from the local population
decreases with distance. Model equations are as follows:

xi,j (n + 1) = ayi,j (n) exp (−ρxi,j (n) − yi,j (n)) ,



 yi,j (n + 1) = rxi,j (n) + vyi,j (n)+
j+P
i+P
∑
(
)(
)
mv ∑


+
µ(g − i, h − j)θ |(i, j) − (g, h)| − P 2 yg′ ,h′ (n) − yi,j (n) ,


κ

(1)

g=i−P h=j−P

where xi,j (n) and yi,j (n) is the number of junior and senior individuals from site with number
(i, j) (i = 1, 2, . . ., k, j = 1, 2, . . ., s, ks = N ) at nth discreet time; N is the number of population
sites in 2D areal; P and m is coupling radius and strength; parameters a, v and s characterize
the growth of a single population. The form of 2D areal is a torus that is deﬁned by index
g ′ = g mod s and h′ = h mod k under the summation sign. Function µ describes the falling of
the coupling strength with distance and is deﬁned as:
)
( 2
g + h2
µ(g, h) = exp −
P
with initial conditions µ(0, 0) = 0. Value of κ is normalization factor equal to:
κ=

P
P
∑
∑

(

θ g +h −P
2

2

g=−P h=−P

2

)

(

g 2 + h2
exp −
P

)
− 1,

where θ is the Heaviside step function that deﬁnes a neighborhood of a local population (circle
of radius P ).
The numerical experiments with diﬀerent values of parameters and initial states demonstrate
many complex spatial regimes of the model (1) frozen patterns consisting of domains or clusters
synchronous elements, traveling waves in the form of concentric closed curves or spirals, broken
pattern etc. It is interesting regimes when two clusters are not coherent to each other, which
is expressed in the fact that the clusters diﬀer in the type of dynamics (period and amplitude
of ﬂuctuations). Apparently such pattern caused by multistability of local population, because
there are two or more stable periodic points (potential well) of single two-dimensional map for
diﬀerent starting points.
Also we found that coherent spatial regimes (complete and cluster synchronization) always
mixed with solitary states or chimera. Thus, regular patterns excluding full synchronization
are impossible for a small scale factor of random initial conditions, but growing of scale factor
lead to an increase in number of incoherent elements that destroy regular spatial structures.
However complex regimes such as traveling waves are observed only for a large scale and bias
factor of random initial conditions.
The reported study was funded by RFBR according to the research project No. 18-04-00073.
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Singularly embedded solitons in a ﬁfth order KdV model
Lázaro, J. Tomás
Universitat Politècnica de Catalunya
jose.tomas.lazaro@upc.edu
The existence of soliton solutions in some PDE problem can be in many cases reduced to
search for homoclinic solutions to an equilibrium point, say the origin, for an associated ODE. In
this work, based on a paper by A. Tovbis and D. Pelinovsky (Nonlinearity, 2006), we consider a
reversible ODE in R4 , having an equilibrium point at the origin with eigenvalues of its diﬀerential
equal to (02 , ±iω), and presenting a reversible homoclinic solution. The persistence of such kind
of solutions when this ODE undergoes a (reversible) singular perturbation becomes a beyondall-orders phenomenon which involves an accurate study of the so-called inner equation.
It is known that such existence is closely related to the fact that a crucial constant, named
Stokes constant, is zero or not. The numerical computation of this Stokes constant, which
depends on the parameter of the system, and their zeroes, requires a highly accurate and
sophisticate evaluation because of its sensitivity to very small errors.
This is a joint work with R. Barrio (Universidad de Zaragoza), A.R. Champneys (University
of Bristol), V. Gelfreich (University of Warwick), and J.R.Pacha (Universitat Politècnica de
Catalunya)

Desynchronization in model neuron-glial multiplex networks
Makovkin S.Yu., Ivanchenko M.V., Zaikin A.A.
Lobachevsky State University of Nizhny Novgorod, Nizhny Novgorod, Russia
makovkin@neuro.nnov.ru
We investigate the impact of multiplexing of two layers with diﬀerent topology on synchronizability. The model is inspired by neural-glial networks in brain, so that the “glial” layer has
a local 1D or 2D topology, whereas the “neural” one has a “small-world” connectivity with the
tunable rewiring parameter, becoming Erdős–Rényi graph in the limiting case. Interlayer links
are mirror and next-neighbor.
The dynamical evolution of the oscillator nodes in this multiplex network is given by the
coupled Kuramoto model, the frequency ranges between the slower “glial” and faster “neural”
layer are order of magnitude diﬀerent.
At ﬁrst case we focus on the case when neural and glial layers are not coupled. The results
in case of uncoupled layers are:
• Kuramoto order parameter in neural layer does not depend from layer size and has classical
Kuramoto like behaviour;
• In glial layer Kuramoto order parameter strongly depends from layer size: ρglial decrease
due to layer size increasing;
• In limit layer size N → ∞ parameter ρglial → 0.
At second case neural and glial layers are coupled. Our main ﬁndings are:
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• Interaction to the neural layer can induce phase order (non-zero mean-ﬁeld) in the glial
one, absent in the isolated case;
• Interlayer coupling leads to desynchronization between the layers;
• At large coupling an abrupt transition to system-wide synchrony is observed;
• Synchronization and desynchronization regions are robust to variations in the rewiring
parameter;
• Relaxation time towards an asymptotic distribution of oscillator phases increases sharply
at synchronization-desynchronization boundaries.
Results have been published in PRE: Makovkin, Sergey, et al. "Multiplexing topologies and
time scales: The gains and losses of synchrony." Physical Review E 96.5 (2017): 052214.
The work is supported by the RSF (Agreement. 16-12-00077).

Estimates on chain reccurent sets for
high dimensional polynomial maps
M.I. Malkin
Lobachevsky State University of Nizhny Novgorod
malkin@unn.ru
We consider a class of polynomial maps on Rm or Cm which is deﬁned by special assumption
that the induced equations have leading monomials of single variable. The class under consideration contain in particular the generalized high dimensional Hénon maps and the ArneodoCoullet-Tresser maps. We show that for any map from this class, the chain recurrent set, as well
as the nonwandering set, is bounded, and we give estimates on the size of these sets in terms
of the coeﬃcients of corresponding polynomials. Also we show that for all wandering orbits,
some kind of monotonicity takes place as they escape to inﬁnity. Note that chain recurrent and
chain transitive sets have become actual recently while studying several concepts of attractors
(in particular, for mixed dynamics).
Let us explain the assumption on leading monomial which deﬁnes the class of maps under
consideration. Suppose that the elimination algebraic process for m equations which deﬁne the
map f yields the diﬀerence polynomial equation of order m with respect to the ﬁrst coordinate
x
F (xn , xn+1 , . . . , xn+m ) = 0, n ≥ 0.
Our assumption on the polynomial F is as follows.
(*) F (x0 , . . . , xm ) contains a monomial of the form axℓN , 0 ≤ N ≤ m, ℓ = deg(F ), and |a|
exceeds the sum of absolute values of coeﬃcients of other degree-ℓ monomials.
If this assumption is satisﬁed, we say that the polynomial diﬀerence equation with respect
to the ﬁrst coordinate has a leading monomial. Our main result states that if the polynomial
diﬀerence equations with respect to each of m coordinates variables have leading monomials
then the chain recurrent set of the map f is bounded, and we give estimates on the box which
contains this set in terms of zeros of diﬀerence equations.
We also discuss applications to high dimensional Hénon maps and the Arneodo-CoulletTresser maps.
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Using the complex network of neuron oscillators
for modeling an absence epilepsia
T. M. Medvedeva1,2 , M. V. Sysoeva3 , I. V. Sysoev1
1 Saratov

State University, Saratov
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3 Yuri Gagarin State Technical University of Saratov, Saratov
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The organization of neural networks and the mechanisms, which generate the highly stereotypical for absence epilepsy spike-wave discharges (SWDs) is heavily debated. Here we describe
such a model which can both reproduce the characteristics of SWDs and dynamics of coupling
between brain regions, relying mainly on properties of hierarchically organized networks of a
large number of neuronal oscillators.
The model reproduces the main features of the transition from normal to epileptiformic
activity and its spontaneous abortion: an increase in the oscillation amplitude, the emergence
of the main frequency and its higher harmonics, and the ability to generate trains of seizures.
The model was stable with respect to variations in the structure of couplings and to scaling.
The analyzes of the interactions between model structures from their time series using Granger
causality method showed that the model reproduced the preictal coupling increase detected
previously from experimental data.
This work was supported by Russian Foundation for Basic Research, Grants No. 17-02-00307
and No. 18-01500418.

On self-oscillating systems under a quasiperiodic perturbation
Morozov A.D., Morozov K.E.
Lobachevsky State University of Nizhni Novgorod
mrozov@mm.unn.ru
Andronov and Witt studied the inﬂuence of a harmonic perturbation on the Van der Pol
equation in 1930 [1]. Then Morozov and Shilnikov considered periodic perturbations of systems,
close to two-dimensional nonlinear Hamiltonian ones, that have limit cycles (in 1975 [2], and,
further, in 1983 [3]). In the present talk we discuss the problem of quasiperiodic perturbations
with m frequencies. Resonance levels in the unperturbed Hamiltonian system are found. In
some neighborhood of such a level, following [4], we construct the averaged system. Then
we investigate this system under the assumption that the resonance level is close to the level
such that the autonomous system has a limit cycle in its neighborhood. The matter of m +
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1–dimensional torus, passing through a resonance zone, and the existence of m–dimensional
resonance tori is discussed.
This work was supported by the Russian Foundation for Basic Research under grants no.
18-01-00306, no. 16-01-00364.

Dynamics of periodically spiking neurons
in response to inhibitory periodic stimulation
E.O. Morozova1 , A.O. Kazakov2
1

2

Brandeis University, Waltham, MA, USA
National Research University High School of Economics
morozova.e.o@gmail.com, kazakovdz@yandex.ru

We investigate the inﬂuence of periodic inhibitory inputs on the ﬁring dynamics of the
dopaminergic (DA) neuron. Our previous modelling results showed that periodic synchronous
GABA input can produce increase in ﬁring and bursting of the DA neuron for a certain range
of GABA input strengths and frequencies. Here we conduct a more detailed examination of
the bifurcation structure of the DA neuron ﬁring under periodic inhibitory input, investigate
mode-locking and chaotic states of the system and bifurcations that form the boundaries of
complex mode-locking structures. First, we study the DA neuron dynamics under the inﬂuence
of negative sinusoidal input, and then switch to the inﬂuence of periodic GABA input. In
both cases we investigate how addition of excitatory NMDAR and AMPAR inputs change the
response of the DA neuron to periodic inhibitory input.

On existence of a smooth arc without bifurcations
joining source-sink diﬀeomorphisms on 2-sphere
E. V. Nozdrinova
National Research University High School of Economics
We construct a smooth arc without bifurcation points joining source-sink diﬀeomorphisms
on the two-dimensional sphere.
One of the ﬁfty problems of dynamical systems compiled by J. Palis and C. Pugh is the
problem of the existence of an arc with a ﬁnite or countable set of bifurcations joining two
Morse-Smale systems on a smooth closed manifold [8]. In [7] Sh. Newhouse and M. Peixoto
proved that every Morse-Smale vector ﬁelds can be joined by a simple arc. Simplicity means
that the arc consists of Morse-Smale systems with the exception of a ﬁnite set of points where
the vector ﬁeld has the least deviation from a Morse-Smale system. For discrete dynamical
systems the situation is diﬀerent. Two orientation preserving Morse-Smale diﬀeomorphisms on
a circle can be joined by a simple arc if and only if they have the same rotation numbers. As
follows from the works by Sh. Matsumoto [6] and by P. Blanchard [1], any orientable closed
surface admits isotopic Morse-Smale diﬀeomorphisms that can not be joined by a simple arc. It
is said that two isotopic Morse-Smale diﬀeomorphisms belong to the same simple isotopic class
if they can be joined by a simple arc. It follows from the papers [6, 1] that there exist inﬁnitely
many simple isotopy classes of Morse-Smale diﬀeomorphisms on any orientable surface inside
an isotopy class that admits Morse-Smale diﬀeomorphisms. In dimension 3, the problem of the
existence of a simple arc is complicated by the presence of Morse-Smale diﬀeomorphisms with
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wildly embedded separatrices. The ﬁrst “wild” example was constructed by D. Pixton [9]. This
diﬀeomorphism belongs to the class (called in [4] Pixton class) consisting of three-dimensional
Morse-Smale diﬀeomorphisms for which the non-wandering set consists of exactly four points:
two sinks, a source and a saddle. As follows from the work by Ch. Bonatti, V. Grines, V.
Medvedev, O. Pochinka [3], any Pixton diﬀeomorphism is connected by a simple arc with some
source-sink diﬀeomorphism. This eﬀect is due to the fact that for any diﬀeomorphism from the
Pixton class at least one one-dimensional separatrix of the saddle point is tame [2]. Using the
operation of a taking the connected sum of two 3-spheres on which Pixton diﬀeomorphisms with
wildly embedded separatrices are given, it is easy to construct a diﬀeomorphism for which all
the separatrices of all saddles are wildly imbedded. In the paper by V. Grines and O. Pochinka
[5] it was proved that such a diﬀeomorphism is not joined by a simple arc with a source-sink
diﬀeomorphism. Gradient-like diﬀeomorphisms on surfaces, in contrast to the three-dimensional
case, do not reveal the wild behavior of separatrices, which creates the prerequisites for an
exhaustive solution of the Palis-Pugh problem.
The report will present the ﬁrst steps in solving this problem and prove the following theorem:
Theorem. For any diﬀeomorphisms f, f 0 ∈ J(S2) there is a smooth arc {f t ∈ J(S2)} their
joining.
Acknowledgments. The study of a structure of an arc connecting source-sink diﬀeomorphism
with one which locally linear was ﬁnancial supported by RSF (Grant No. 17-11-01041), the
construction of an arc connecting locally linear diﬀeomorphism with the model was supported
by the fundamental research program of the HSE (project 95) in 2018.
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[6] Matsumoto S. There are two isotopic Morse-Smale diﬀeomorphism which can not be
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Vol. 31, pp. 15-41.
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On obstructions to the existence of a simple arc
connecting the multidimensional Morse-Smale diﬀeomorphisms
O. V. Pochinka
National Research University Higher School of Economics
olga-pochinka@yandex.ru
The present paper has deal with a solution of the Palis-Pugh problem [1] on the existence
of an arc with a ﬁnite or countable set of bifurcations connecting two Morse-Smale systems
on a smooth closed manifold M n . S. Newhouse and M. Peixoto [2] proved that any MorseSmale vector ﬁelds can be connected by a simple arc. Simplicity means that the arc consists of
the Morse-Smale systems with the exception in a ﬁnite set of points in which the vector ﬁeld
deviates by at least way (in a certain sense) from the Morse-Smale system. Below we give a
deﬁnition of the simple arc for discrete Morse-Smale systems.
Let Dif f (M n ) be the space of diﬀeomorphisms on a closed manifold M n with C 1 -topology
and M S(M n ) be the subset of Morse-Smale diﬀeomorphisms. Smooth arc in Dif f (M n ) is a
smooth map ξ: M n × [0, 1] → M n , that is a smoothly depending on (x, t) ∈ M n × [0, 1] family
of diﬀeomorphisms {ξt ∈ Dif f (M n ), t ∈ [0, 1]}. The arc ξ is called simple if ξt ∈ M S(M n ) for
every t ∈ ([0, 1] \ B), where B is a ﬁnite set and for t ∈ B diﬀeomorphisms undergo bifurcations
of the following types: saddle-node, doubling period, heteroclinic tangency.
As follows from the papers by Sh. Matsumoto [3] and P. Blanchar [4], any oriented closed
surface admits isotopic Morse-Smale diﬀeomorphisms, who can not be connected by a simple
arc. In the paper by V. Grines and O. Pochinka [5] necessary and suﬃcient conditions were
found for the fact that the Morse-Smale diﬀeomorphism without heteroclinic intersections on
the 3-sphere is connected by a simple arc with the “source-sink” diﬀeomorphism. They also
constructed examples of Morse-Smale diﬀeomorphisms on the 3-sphere that are not joined by
a simple arc due to the wild embeddings of all saddle separatrices for one of them.
In the present paper we consider a f ∈ M S(M n ) which deﬁned on a multidimensional not
simply connected manifold M n for n ≥ 3. Denote by M S0 (M n ) the class of homotopic to
identity Morse-Smale diﬀeomorphisms. Let f ∈ M S0 (M n ). Through Ox we denote the orbit
of the point x ∈ M n under the diﬀeomorphism f . Let γ ∈ H1 (M n ).
Following to [3], we say that a periodic orbit Op is homologically γ-related to a periodic
orbit Oq if there is a curve c ⊂ M n such that ∂c = {q} − {p} and for some integer N such
that f N (p) = p and f N (q) = q, [f N (c) − c] = N γ. The deﬁnition independents on the choice
c, N, p ∈ Op , q ∈ Oq . We say that f is trivial if all periodic orbits of the diﬀeomorphism f are
0-related otherwise f is nontrivial.
We construct isotopic diﬀeomorphisms f0 , f1 ∈ M S0 (Sn−1 × S1 ), n ≥ 3, one of which is
trivial, the other is nontrivial. The main result of this paper is the following theorem.
Theorem. There is no simple arc connecting a trivial diﬀeomorphism with a nontrivial
diﬀeomorphism from the class M S0 (M n ).
Funding: This work was supported by the Russian Science Foundation (project 17-1101041) and the Basic Research Program at the National Research University Higher School of
Economics (HSE) in 2018.
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not be joined by simple arcs, Invent. Math. 51, No.1, 1-7.
28

[4] Blanchard, P. R. (1980). Invariants of the NPT isotopy classes of Morse-Smale diﬀeomorphisms of surfaces, Duke Math. J. 47:1, 33-46.
[5] Grines V., Pochinka O. (2013). Morse-Smale cascades on 3-manifolds, Russian Mathematical Surveys 68, No.1, 117-173.

Periodic Regimes in a System
of Two Non-Linear Coupled Neuron Type Oscillators
M. M. Preobrazhenskaia
Yaroslavl State University, Scientiﬁc Center in Chernogolovka RAS
rita.preo@gmail.com
Let us consider a mathematical model of synaptic interaction between two neuron oscillators
(see [1,2])
u̇1 = [λf (u1 (t − 1)) + b g(u2 (t − h)) ln(u∗ /u1 )]u1 ,
(1)
u̇2 = [λf (u2 (t − 1)) + b g(u1 (t − h)) ln(u∗ /u2 )]u2 .
Here u1 (t), u2 (t) > 0 are the normalized membrane neurons potentials. Each of the neurons is
modelled by a singularly perturbed diﬀerential-diﬀerence equation with delay:
u̇j = λf (uj (t − 1))uj ,
see [3]. The parameter λ ≫ 1 characterizes the electrical processes rate, the function f (u) ∈
C 2 (R+ ), where R+ = {u ∈ R : u ≥ 0}, is as following:
f (0) = 1;

f (u) + a, uf ′ (u), u2 f ′′ (u) = O(u−1 ) as u → +∞, a = const > 0.

(2)

The terms bg(uj−1 (t − h)) ln(u∗ /uj )uj model synaptic interaction. Coupling is assumed to
be at the threshold with the time delay h > 0. Parameter b = const > 0, u∗ = exp(cλ) is the
threshold value for control interaction, c = const ∈ R. The functions g(u) ∈ C 2 (R+ ) satisﬁes
the following conditions:
∀u > 0 g(u) > 0, g(0) = 0;

g(u) − 1, ug ′ (u), u2 g ′′ (u) = O(u−1 ) as u → +∞.

(3)

The problems of existence and stability of relaxation periodic regimes for the system (1)
are considered. We can choose the delay h more than the period of regime in the single-neuron
model which is deﬁned by internal delay 1. That is why for any natural n it is possible to get a
periodic solution of the system (1) containing n asymptotically high bursts on the period after
calm segment. It is called bursting eﬀect. This means that the bursting eﬀect can appear in
a system of two synaptically coupled neuron-type oscillators due to the delay in the coupling
link.
The following results are proved. This is possible to choose the parameters that the system
(1) has a inphase solution u1 ≡ u2 with 2n bursts and simultaneously antiphase solution u1 (t) ≡
u2 (t + ∆) with n burst, where ∆ is half of period. Besides there exist impulse-refractive regime
such that whether u1 or u2 has an asymptotically high pulses and other is asymptotically small.
All of the regimes are orbital exponential stable.
Acknowledgments: This work was partly supported by the Russian Science Foundation
(project nos. No 14-21-00158).
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Stability and bifurcations in viscous models of
geophysical ﬂuid ﬂow
Prugger A., Rademacher J.
University of Bremen, Germany
aprugger@math.uni-bremen.de
Linear waves are often studied in diﬀerent geophysical ﬂow models in order to investigate and
characterize phenomena in ocean and climate. For large scale considerations a major problem
is to determine adequate damping and driving terms that respect energy balances and subscale
features. We consider some models of this kind with focus on modiﬁcations of the rotating
shallow water equations. From a mathematical perspective we are interested in ﬁnding and
analyzing nonlinear waves, in particular related to turbulence. In order to ﬁnd them, we
investigate symmetries as well as stability and bifurcation behavior from linear waves upon
varying parameters. We also use numerical tools for the stability and bifurcations of these
waves. This project is part of TRR 181 "Energy transfers in Atmosphere and Ocean" funded
by the German Research Foundation (DFG).
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of dynamical systems
1,2

Rakut I.V.,

2

Rassadin A.E.,

3

Yudin V.V.

1 National

Research Lobachevsky State University of Nizhni Novgorod
2 Nizhni Novgorod Mathematical Society
3 Kotelnikov Institute of Radioengineering and Electronics of RAS, branch in Ulyanovsk
rakut@nirﬁ.unn.ru, brat_ras@list.ru, yudinv73@mail.ru
In the report presented we suggest scheme for generator of periodic voltage in order to apply
this electronic device to analogous modeling of dynamical systems of diﬀerent nature.
It is obvious that output voltage of the generator will approximate theoretical voltage U (t)
with error ε. This error is ﬁxed beforehand. Thus if theoretical voltage has the following form:
U (t) =

∞
∑

Un cos nω0 t ,

n=0

ω0 =

2π
,
T

(12)

where T is period, then output voltage U2N −1 (t) ought to be equal to partial sum of series (1):
U2N −1 (t) =

2N
−1
∑
n=0
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Un cos nω0 t .

(13)

Moreover the next inequality must be true:
| U (t) − U2N −1 (t) | < ε .

(14)

Let us use as input voltage of the scheme meander signal V (t) of amplitude V0 with the
same period T from multivibrator:
∞

V (t) =

V0 ∑
2 V0
+
sin (2n − 1)ω0 t .
2
π(2n − 1)

(15)

n=1

This voltage arrives at N band-pass ﬁlters with passbands △ω ≪ ω0 connected in parallel.
Each ﬁlter with number n must be tuned on frequency (2n − 1) ω0 in order to separate the ﬁrst
N odd harmonics from signal (4). After that output signal from each ﬁlter proceeds to phase
shifter on π/2 to transform its shape from ’sine’ to ’cosine’. To obtain N − 1 even harmonics
which we lack for construction of sum (2) one ought to organize the following procedure namely
the ﬁrst harmonic and each of successive odd harmonic must enter square-law detectors. Output
of each detector arrives at band-pass ﬁlter tuned on frequency 2 n ω0 . After that we can receive
absolute values of Fourier amplitudes Un as required in accordance with formula (1) by means
of attenuation or ampliﬁcation. Sign of each value Un can be corrected by phase shifter on π.
At last we obtain the ﬁnal result (2) realizing summation of all 2 N − 1 harmonics by means of
operational ampliﬁer.
As prototype for design of band-pass ﬁlters we have chosen the Butterworth ﬁlter of the
2m-th order [1] that is why their transfer functions are equal to (n = 1, 2N − 1):
Hn,m (iω) =

m
∏
k=1

[

ω 2 − n2 ω02
(2k + 2m − 1)π
1 − 2i
cos
−
△ω ω
4m

(

ω 2 − n2 ω02
△ω ω

)2 ]−1
.

(16)

In conclusion as example we consider generation of voltage of the following shape:
U (t) = −U0 ln(1 + ρ2 − 2ρ cos ω0 t) ,

0 < ρ < 1.

(17)

Function (6) possesses by the next well-known Fourier expansion:
U (t) = 2 U0

∞
∑
ρn
cos n ω0 t .
n

(18)

n=1

Mistake of approximation under generation of voltage (6) in the framework of our approach
is equal to:
U0 ρ2N
| U (t) − U2N −1 (t) | <
.
(19)
N 1−ρ
Combining inequalities (3) and (8) one can determine scale of the device. But it is necessary
to note that heat ﬂuctuations of electric charge in conductors form lower bound for value of
error ε in (3) which can be estimated on the basis of the Nyquist formula [2].
This work was supported by RFBR grant N 18-08-01356-a.
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Peculiarities of evolution of regularized fractal shapes on
surface of solid state in the vicinity of gradient catastrophe
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Epitaxial growth of the surface of solid state with cylindrical generatrix is described by the
simpliﬁed Kardar-Parisi-Zhang equation for its height h(x, t) (see [1] and references there in):
∂h
1
=
∂t
2

(

∂h
∂x

)2
,

h(x, 0) = h0 (x) .

(20)

Under quite small time t > 0 temporal evolution of the height is determined implicitly in
the framework of method of characteristics by means of following equations [1]:
x = y − t h′0 (y) ,

h = h0 (y) −

t ′
[h (y)]2 .
2 0

(21)

But due to nonlinearity of input equation (1) gradient catastrophe happens namely at t = tgc
lack of uniquiness of map of Lagrange coordinate y into Euler coordinate x takes place. Thus
the map is deﬁned by the ﬁrst equation in system (2) the moment tgc of gradient catastrophe
and its position ygc are extracted from next equations:
Jy′ (y, t) = 0 ,

J(y, t) = 0 ,

(22)

where J(y, t) = 1 − t h′′0 (y) is Jacobian of the map.
To construct weak solution of the Cauchy problem (1) under t > tgc one has to deal with the
Oleinik-Lax principle (see [1] and references there in). It means that one ought to ﬁnd function
yw (x, t) as:
{
}
(y − x)2
yw (x, t) = arg min −t h0 (y) +
(23)
y
2
and after that one must insert function (4) into the second equation of system (2):
hw (x, t) = h0 (yw (x, t)) −

(yw (x, t) − x)2
.
2t

(24)

We represent fractal initial shapes of the surface by the Darboux function:
D(x) =

∞
∑
sin (n + 1)! x

n!

n=1

(25)

and by the Weierstrass function (0 < a < 1, a b > 1):
W (x) =

∞
∑

an sin bn x .

(26)

n=1

Both of them are nowhere diﬀerentiable functions that is why in order to use functions (6)
and (7) in formulae (2) we should take instead of them N -th partial sums DN (x) and WN (x) of
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series (6) and (7) respectively [2]. These truncated versions of input fractal shapes approximate
functions (6) and (7) uniformly:
| D(x) − DN (x) | ≤

1
N! N

(27)

and

aN +1
.
(28)
1−a
It is obvious that error of approximation in inequalities (8) and (9) tends to zero under
N → ∞ quite rapidly.
In the report presented numerical investigation of evolution of regularized fractal shapes in
the temporal neighborhood of gradient catastrophe has been carried out on the basis of both
equation (2) (t < tgc ) and equation (5) (t > tgc ), DN (x) and WN (x) under N = 1, 2, 3, 4 being
chosen as initial condition h0 (x) for the Cauchy problem (1). In each case moment of time tgc
of gradient catastrophe arising has been estimated using system of equations (3).
This work was supported by RFBR grant N 18-08-01356-a.
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Curvature and torsion of phase trajectories of the Rikitake system
Rassadin A.E., Tronov A.A.
Nizhny Novgorod Mathematical Society
brat_ras@list.ru , tronovaa@yandex.ru
The Cauchy problem
d⃗x
= f⃗(⃗x),
dt

⃗x(0) = ⃗x0 ,

⃗x ∈ U ⊂ R3

(29)

is known to determine as the phase trajectory of system of ordinary diﬀerential equations (1)
quite smooth curve Γ, the choice of variable t being forced by physical (biologocal, economic
etc.) sense of the situation under consideration. But there is another approach for description
of curve Γ namely one may introduce on it the natural parametrization:
∫ t
d⃗x(t)
s=
dt ,
(30)
dt
0
⃗ the curvature k(s) and the torsion κ(s) [1, 2].
the Frenet frame {⃗τ , ⃗ν , β},
Research activity in this direction is sure to be very fruitful. For instance if Γ is a limit cicle
of system (1) with length L situated in the sphere with radius R then its curvature and torsion
ought to obey to the following inequality [1]:
[∫
(∫
)2 ]
∫
∫
2
2
2
2
L
k ds ≤ R
k ds
κ ds −
kκ ds
.
(31)
Γ

Γ

Γ
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Γ

Furthermore in parametrization (2)
d⃗x
= ⃗τ (⃗x) ≡
ds

f⃗(⃗x)
|f⃗(⃗x)|

(32)

hence spherical mapping ⃗τ : U → S 2 appears naturally. It means that for arbitrary closed
surface Q ⊂ U one can consider degree deg ⃗τ |Q of mapping ⃗τ on Q [2]. Mappings of the same
⃗ x) of normal and binormal vectors
nature one can construct using vector ﬁelds ⃗ν (⃗x) and β(⃗
respectively.
Curvature and torsion of curve Γ in t-parametrization
[
k=

d⃗x d2 ⃗x
,
dt dt2

]

d⃗x
/
dt

(

3

,

κ=

d⃗x d2 ⃗x d3 ⃗x
,
,
dt dt2 dt3

)

[
/

d⃗x d2 ⃗x
,
dt dt2

]

2

(33)

one can calculate applying formulae
d2 xi ∑ ∂fi
=
(⃗x) fj (⃗x) ,
dt2
∂xj
3

i = 1, 2, 3,

j=1

and

d 3 xi ∑ ∑
=
dt3
3

3

j=1 k=1

(

)
∂fj
∂ 2 fi (⃗x)
∂fi
fj (⃗x) +
(⃗x)
(⃗x) fk (⃗x) ,
∂xj ∂xk
∂xj
∂xk

i = 1, 2, 3.

In the report presented values (5) have been estimated numerically for the Rikitake system
[3] with:
f⃗(⃗x) = (−µx1 + x2 x3 , −µx2 + x1 (x3 − a), 1 − x1 x2 )
and for the Lorenz system [3] with:
f⃗(⃗x) = (−σx1 + σx2 , −x2 + x1 (r − x3 ), −bx3 + x1 x2 )
The above described method can be generalized for Rn with n ≥ 4 in the framework of
multivector formalism [1]. In particular inequality (3) and mapping (4) can be extended for
higher dimensions too (see [1,2] and references there in). Our point of view gives rise to a number
of open problems for systems possessing by dissipative chaos. For example it is interesting to
compare behaviour of torsions with behaviour of Lyapunov exponents in such systems. But
we underline that multidimensional generalization of our approach gives us new possibilities
in investigation both dynamical systems with Hamiltonian chaos and dynamical systems with
mixed dynamics [4].
This work was supported by RFBR grant N 18-08-01356-a.
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Formula for solution of multidimensional diﬀusion-type equation
Ivan D. Remizov
National Research University Higher School of Economics
ivremizov@yandex.ru
Consider arbitrary integer dimension d ≥ 1, x = (x1 , . . . , xd ) ∈ Rd , t ≥ 0, u: [0, +∞) × Rd →
R and set the Cauchy problem for a second-order parabolic partial diﬀerential equation
{
∑
u′t (t, x) = dj=1 (aj (x))2 u′′xj xj (t, x) + ⟨b(x), ∇u(t, x)⟩ + c(x)u(t, x) = Hu(t, x),
(1)
u(0, x) = u0 (x).
The coeﬃcients of (1) are: an R1 -valued function c, an Rd -valued function b, and R1 -valued
functions aj for each j = 1, . . . , d. We also represent function b as a vector of d R1 -valued
functions bj as follows: b(x) = (b1 (x), . . . , bd (x)). We assume that all coeﬃcients are bounded
and uniformly continuous. Parenthesis ⟨·, ·⟩ are used for the scalar product in Rd . We use symbol
∇u(t, x) for the gradient vector with respect to x as follows: ∇u = (∂u/∂x1 , . . . , ∂u/∂xd ). For
each j = 1, . . . , d we write the multiplier of higher derivative ∂ 2 /∂x2j in the form (aj (x))2 for
two reasons: to show that the multiplier is non-negative, and to shorten some of the formulas.
This talk is dedicated to deriving a formula that gives the solution of (1) in terms (of aj), bj ,
c, u0 assuming that the operator H is an inﬁnitesimal generator of the C0 -semigroup etH t≥0 .
This assumption is standard in studies of evolution equations, which is the class of equations
that the considered equation belongs to. According to general theory of C0 -semigroups [1] this
assumption implies that the solution of the Cauchy problem (1) exists, is bounded and uniformly
continuous with respect
( tH to) x for each t, depends on u0 continuously, and can be represented
in a form u(t, x) = e u0 (x). Similarly to what we have done in the case d = 1 (see [2]) we
apply the Chernoﬀ theorem [1,3] to a specially constructed family of operators (S(t))t≥0 , and
express etH in terms of aj , bj , c reaching the proposed goal. We do not discuss the problem
of ﬁnding the class of functions in which the solution is unique under certain assumptions on
functions a, b, c, u0 , but keep in mind that for a heat equation there are known unbounded
solutions. The formula (4) that provides the solution of (1) is given in theorem 1.
Let us denote the set of all (real-valued and deﬁned on Rd ) bounded continuous functions as
Cb (Rd ), the set of all bounded functions with bounded derivatives of all orders as Cb∞ (Rd ), and
the set of all bounded, uniformly continuous functions as U Cb (Rd ). Let ej ∈ Rd be a constant
d-dimensional vector with 1 at position j and 0 at other d − 1 positions. For each x ∈ Rd , t ≥ 0,
f ∈ Cb (Rd ) and φ ∈ Cb∞ (Rd ) set
( (
√
√ )
1 ∑d
(S(t)f )(x) = 4d j=1 f x + 2 daj (x) tej +
)
(
√
√ )
+f x − 2 daj (x) tej
+ 12 f (x + 2tb(x)) + tc(x)f (x) (2)

(Hφ)(x) =

d
∑
(aj (x))2 φ′′xj xj (x) + ⟨b(x), ∇φ(x)⟩ + c(x)φ(x)

(3)

j=1

Theorem 1. Suppose that functions aj , bj , c belong to the space U Cb (Rd ) endowed with
the norm ∥f ∥ = supx∈Rd |f (x)|. Suppose that operator H is deﬁned by equation (3) on the
domain Cb∞ (Rd ) ⊂ U Cb (Rd ), and the closure of this operator: a) exists; b) is an inﬁnitesimal
generator of a C0 -semigroup (etH )t≥0 in U Cb (Rd ).
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Then for each u0 ∈ U Cb (Rd ) there exists a bounded (and uniformly continuous with respect
to x ∈ Rd for each t ≥ 0) solution u of the Cauchy problem (1), it depends on u0 continuously
and uniformly with respect to x ∈ Rd for each t ≥ 0. For each x ∈ Rd and t ≥ 0 this solution
is given by the formula
((
)n )
(
)
u(t, x) = etH u0 (x) = lim
S(t/n) u0 (x),
(4)
n→∞

where S(t/n) is obtained by substitution of t by t/n in the equation (2), and the n-th power
in the expression (S(t/n))n means the composition of n copies of linear bounded translation
operator S(t/n). The limit (4) for each ﬁxed t > 0 is taken in the space U Cb (Rd ) and appears
to be uniform with respect to t ∈ [0, t0 ] for each t0 > 0.
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Dynamics near a periodically forced robust heteroclinic cycle
Alexandre A. P. Rodrigues
University of Porto, Portugal
alexandre.rodrigues@fc.up.pt
There are few explicit examples in the literature of non-autonomous vector ﬁelds exhibiting
complex dynamics that may be proven analytically. In this talk, we present a careful analysis of
the rich dynamics generated by a family of periodic perturbations of a weakly attracting robust
heteroclinic network deﬁned on the two-sphere. We derive the ﬁrst return map near the "ghost"
of the heteroclinic cycle and we reduce the non-autonomous system to a two-dimensional map.
According to the magnitude of two small parameters, the associated ﬂow may behave periodically, quasiperiodially or chaotically, depending on the speciﬁc character of the perturbation.
We also provide a bifurcation study of the periodic solutions that emerge and coalesce near
the robust cycle when the parameters vary. We reduce the study of the dynamics to other
conﬁgurations where the dynamics is known.
This is a joint work with Isabel Labouriau (University of Porto).
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Solitary state chimera:
Appearance and synchronization of the new chimera state
Rybalova E.V., Anischenko V.S.
Saratov State University
rybalovaev@gmail.com, wadim@info.sgu.ru
Previously, ensembles of a nonlocally coupled identical elements were studied. It has been
shown that only solitary states can appear and be observed in an ensemble of elements with a
hyperbolic attractor. If the network elements are characterized by a nonhyperbolic attractor,
the ensemble demonstrates chimera states, which have attracted attention of a large number of
researchers.
The object of our research is to study the appearance and peculiarities of a new type of
chimera state, a so-called solitary state chimera, that has been recently found in a network of
two coupled rings:

j+R

 xt+1 = g(xt , y t ) + σ1 ∑ [g(ut , ut ) − g(ut , ut )] + γ Gt ,
1 i
i i
j
i i
j
i
2R
j=i−R

 y t+1 = βxt ;
i
 i
j+P

 ut+1 = f (xt , y t ) + σ2 ∑ [f (xt , y t ) − f (xt , y t )] + γ F t ,
i

i


 v t+1 = βut ;
i
i

i

2P

j=i−P

j

j

i

i

2 i

i = 1, . . . , N, N = 1000.

The ﬁrst system describes a ring of nonlocally coupled Lozi maps with g(x, y) = 1−α|x|+y,
the second system is a ring of nonlocally coupled Henon maps with f (u, v) = 1 − αu2 + v. σ1,2
are the coupling strengths between the elements in the ﬁrst and second rings, respectively. R, P
are the numbers of neighbors which the i-th element is connected with. γ1,2 are the coupling
strength between the rings (γ1 = γ2 = γ), G, F are the coupling term between the rings. In our
study we consider the inertial coupling for which G = −F = u − x. The initial conditions are
randomly chosen from the interval [−0.5; 0.5]. The parameters α = 1.4 and β = 0.3 are equal
for all the network elements and yield the chaotic dynamics in an individual oscillator.
Synchronization of spatio-temporal structures, including chimera states, is established in
the system considered. Our particular attention is attracted by another phenomenon observed
in this system – the appearance of the solitary state chimera (SSC). The SSC is a cluster with
single states, which arise in the Henon ring under the action of solitary states in the Lozi ring.
For a deeper understanding of this type of chimera state, the impact of a single kick on an
oscillator in the Henon ring is explored. This is necessary in order to ﬁnd out whether a single
ejection can be excited in the Henon ensemble under the inﬂuence of a solitary state from the
Lozi ring.
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Chaotic dynamics and multistability in
the nonholonomic model of Celtic stone
E. A. Samylina1,2 , A. S. Gonchenko1 , S. V. Gonchenko1 , A. O. Kazakov1,2
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We study dynamical properties in the nonholonomic model of Celtic stone moving along the
plane. As was shown in [1] diverse types of chaotic dynamics can appear in this model. Here
both one- and two-parameter families of the corresponding nonholonomic models are considered,
in which bifurcations are studied that lead to changing types of stable motions of the stone and
also to the onset of chaotic dynamics. It is shown that multistability phenomena are observed
in such models when stable regimes of various types (regular and chaotic) can coexist in the
phase space of the system. In the parameter space, the regions are constructed in which
multistability is observed, and its types are described. We also show that chaotic dynamics
of the nonholonomic model of Celtic stone can be very diverse. Here, in the corresponding
parameter regions, there are observed both spiral strange attractors of various types, including
the so-called discrete Shilnikov attractors, and mixed dynamics, when attractor and repeller
intersect and almost coincide.
The study was implemented in the framework of the Basic Research Program at the National
Research University Higher School of Economics (HSE) in 2018.
[1] Gonchenko A. S., Gonchenko S. V., Kazakov A. O. // Regular and Chaotic Dynamics.
2013, v. 18, No. 5.

Stochastic dynamics near the blue sky catastrophe bifurcation
in neuron model
Slepukhina E. S., Ryashko L. B.
Ural Federal University, Ekaterinburg, Russia
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The three-dimensional Hindmarsh-Rose neuron model [1] is known to exhibit various types
of dynamic regimes and bifurcations. Diﬀerent types of oscillations, period-doubling and periodadding bifurcations, coexistence of several attractors, chaotic regimes, canards and torus canards
solutions are among them. Moreover, it was shown [2] that the Hindmarsh-Rose model can also
have a peculiar bifurcation called the "blue-sky catastrophe". In this model, the blue sky
catastrophe bifurcation is related to a transition between tonic spiking and bursting oscillating
regimes.
In this work, we study the stochastic variant of the Hindmarsh-Rose model in the parametric
zone near the blue sky catastrophe bifurcation, where the original deterministic system exhibits
the tonic spiking oscillations. We show that in this zone noise can transform the tonic spiking
regime into the bursting one. This phenomenon is conﬁrmed by changes of the probability
distribution of stochastic trajectories as well as the power spectral density. For the analysis of
the noise-induced bursting in the Hindmarsh-Rose model, we suggest and apply a constructive
approach based on the stochastic sensitivity function technique [3] and the method of conﬁdence
domains.
The work was supported by Russian Science Foundation (N 16-11-10098).
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Discrete spiral attractors of three-dimensional
generalized Hénon maps
E. Shiryaeva, A. Gonchenko
Lobachevsky University of Nizhny Novgorod, Russia
shiryaevae01@gmail.com , agonchenko@mail.com
For one-parameter families of three-dimensional orientable and nonorientable maps, we
study scenarios of appearance of discrete spiral attractors (containing only one ﬁxed point
of a saddle-focus type). We describe several such scenarios. Some examples of realization of
these scenarios in the case of three-dimensional orientable and nonorientable generalized Hénon
maps are illustrated. We consider the maps of form x̄ = y, ȳ = z, z̄ = Bx + Az + Cy + g(y, z),
where A, B and C are parameters (B is the Jacobian) and g(0, 0) = g ′ (0, 0) = 0.

On homoclinic bifurcations leading to
the appearance and break-down of Hénon-like attractors
Aykhan Shykhmamedov
Higher School of Economics, Nizhny Novgorod, Russia
aykan.az@gmail.com
We investigate scenarios of the appearance and break-down of homoclinic attractors in the
two-dimensional Hénon map. Recall, that under homoclinic attractor we mean strange attractor
which contains one saddle orbit with its unstable manifold [1]. In the case of reversible systems,
as was shown e.g. in [2], the break-down of Hénon-like attractors can lead to the appearance
of mixed dynamics – when an attractor and a repeller have a non-empty intersection but these
two sets do not coincide [3].
[1] Gonchenko A. S., Gonchenko S. V. Variety of strange pseudohyperbolic attractors in
three-dimensional generalized Hénon maps //Physica D: Nonlinear Phenomena. - 2016. - ’.
337. - ‘. 43-57.
[2] Kazakov A. On a scenario of onset of strongly dissipative mixed dynamics //arXiv
preprint arXiv:1801.00150. - 2017.
[3] Gonchenko S. V., Turaev D. V. On three types of dynamics and the notion of attractor
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Modeling and identiﬁcation of large ensembles
of neurooscillators from vector time series
Ilya V. Sysoev, Vladimir V. Ponomarenko, Mikhail D. Prokhorov
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The problem of reconstruction of equations of oscillatory systems from their time series is
a highly debated recent decades [1, 2, 3]. The number of approaches exist for reconstruction
of equations of autonomous ordinary diﬀerential equations (ODEs) [4], nonautonomous ODEs
[5], time delayed systems [6] and their ensembles [7]. One of the primary problems of these
techniques is that a lot of a priori information is demanded for development of robust algorithms, e. g. see [8]. If very general technique is applied, the result signiﬁcantly depends on the
parametrization [2], and the general approaches occur to work ﬁne only in the limited number
of cases where this parametrization is successful [5].
Here, we propose a method for the reconstruction of ensembles of nonlinearly coupled oscillators described by ﬁrst-order nonlinear ODEs, which are known to be a good model for
evolution of the main frequency of neuron bursting [10]. The method is based on the minimization of a special target function for each oscillator in the ensemble separately. This target
function is constructed following [6] based on description length of nonlinear function of the
considered element of an ensemble, with giving possibility to reduce parametrization, since
no explicit approximation of nonlinear function is necessary. The nonlinear coupling sigmoid
functions are approximated with the Richards’ curve. The nonlinear optimization algorithms,
in particular Levenberg-Marquardt [9] and Trust Region Reﬂective [11] algorithms are used to
solve the problems of nonlinear global optimization.
Since in most practical cases not all elements of ensembles are actually coupled, the two
step original algorithm is proposed for removal of spurious couplings. The ﬁrst step is based on
one-dimensional K-nearest neighbors clusterization, and the second step is based on analysis
of variation of coeﬃcients for couplings obtained for the fully coupled ensemble and for the
ensemble after reduction of couplings on the ﬁrst step.
In the numerical experiment the ensembles of up to 32 oscillators were successfully reconstructed. The dependence of results on the time series length was studied for diﬀerent
measurement noise levels with signal to noise ratio down to eight. The method was proven to
be eﬃcient both for chaotic and periodic regimes and for transient processes.
This research was funded by the Russian Science Foundation, Grant No. 14-12-00291.
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Synchronization of chimera structures in a multilayer network of discrete
maps with unidirectional interaction between layers
Vadivasova T.E., Strelkova G.I., Anishchenko V.S.
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Russia
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We study forced synchronization of spatial structures in a multilayer network of one-dimensional
discrete-time maps, which is described by the following system of equations:
xj1 (n + 1) = f (xj1 (n), α1 ) +

xji (n + 1) = f (xji (n), αi ) +

σ1
2P1

j+P
∑1

[f (xk1 (n), α1 ) − f (xj1 (n), α1 )],

k=j−P1

j+Pi
σi ∑
[f (xki (n), αi ) − f (xji (n), αi )] +
2Pi

(34)

k=j−Pi

+ γ[f (xji−1 (n), αi−1 ) − f (xji (n), αi )],
j = 1, 2, . . . , N,

i = 1, 2, . . . , M,

xj±N i (n) = xji (n),

where j is the element number in a layer (ring), i is the layer number, n is the discrete time.
The considered network consists of M layers with N elements in each layer. A single layer
represents a ring of elements with nonlocal coupling which is characterized by the coupling
strength σi and the number of neighbors Pi from each side of the i-th element. Elements of
adjacent layers are locally connected by unidirectional links with the same coeﬃcient γ for all
layers. The parameters of all the layers, except the ﬁrst one, are also assumed to have equal
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values. In the ﬁrst (master) layer a chimera structure is ﬁxed, which extends from layer to
layer, depending on the values of γ, the initial conditions, and the parameters detuning of the
subsequent layers. We consider two diﬀerent models of one-dimensional discrete-time maps
which deﬁne the dynamics of the ensemble elements, namely, the logistic map f (x, α) = α − x2
and the cubic map f (x, α) = (α − x3 ) exp (−x2 /10). This choice enables one to realize diﬀerent
types of chimera structures in the master layer.
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The modelling of linear and nonlinear reaction subdiﬀusion processes is much more subtle
than normal diﬀusion and causes diﬀerent phenomena. The resulting equations feature a time
fractional derivative and spatial Laplacian which yield a memory kernel. We present some
analytical results on spectral stability as well as numerical computations of spectra for the
linear equation. This corroborates the heuristically expected stabilising eﬀect of subdiﬀusion
compared to normal diﬀusion. Moreover, we consider the linearization of a nonlinear reaction
subdiﬀusion equation about non-zero homogeneous steady state. Here the spectrum cannot be
analyzed directly by Fourier-Laplace transform, and we perform the energy estimates locally in
time.
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