
Chimera State Realization in Chaotic 
Systems. The Role of Hyperbolicity 

   Vadim S. Anishchenko 
       Saratov State University, 

      Saratov, Russia 

 

 

   Nizhny Novgorod, July 20, 2015 
 

 



My co-authors 

Nadezhda Semenova, PhD student, 
Saratov State University 

Dr. Anna Zakharova, PhD, 
Technical University of Berlin, Germany 
 
 
 
 
Prof.Dr. Eckehard Schoell, PhD, 
Technical University of Berlin, Germany  



Leonid P. Shilnikov made a 
fundamental contribution to the 
modern theory of dynamical 
systems, nonlinear dynamics, the 
oscillation  theory, the dynamical 
chaos theory.  
In particular, he proved the theorem on 
the structure of a set in the vicinity of a 
saddle-focus separatrix loop, showed 
the mechanism of Lorenz attractor birth, 
and introduced the concept of non-
hyperbolic sets with homoclinic 
tangency (quasi-attractors).  
These results will be used in the present 
talk.  



Chimera states. What is it? 
 In November 2002, while investigating a ring of identical and non-locally coupled 
phase oscillators, Japanese physicist Yoshiki Kuramoto and his collaborator Dorjsuren 
Battogtokh discovered something remarkable: for certain initial conditions, identical 
oscillators which are non-locally coupled to their neighbors could behave differently from 
one another. That is, some of the oscillators could synchronize while others remained 
incoherent.  

 Steven Strogatz later called such a 
phenomenon as “chimera states”. 
   
 Abrams and Strogatz defined a 
chimera state as a spatio-temporal pattern in 
which a system of identical oscillators is split 
into coexisting regions of coherent (phase 
and  frequency locked) and incoherent 
(drifting) oscillations. 

Mark J. Panaggio, et al. //  
Nonlinearity, 2015,  vol. 28, No. 3,  p. R67 



System under study 

• 𝑧𝑖  are real dynamic variables 

(𝑖 = 1, …𝑁,𝑁 ≫ 1 and the index 𝑖 is 

periodic 𝑚𝑜𝑑 𝑁); 

• 𝑡 denotes the discrete time; 

• 𝜎 is the coupling strength; 

• 𝑃 specifies the number of neighbors in 

each direction coupled with the ith 

element; 

• 𝑓(𝑧) is a local oscillator with chaotic 

dynamics.  

 

𝑟 is a coupling radius, 𝑟 = 𝑃/𝑁 
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Known results 

Regions of coherence for the system in the parameter 
plane (𝜎, 𝑟)  with wave numbers 𝑘 = 1, 2, and 3 . 
Snapshots of typical coherent states 𝑧𝑖  are shown in 
the insets. The color code inside the regions 
distinguishes  different  time periods of the states.  

1.  Time-discrete partial elements 

a) Logistic map:  

Coherence-incoherence bifurcation for 
coupled chaotic logistic maps for fixed 
coupling radius r=0.32. Snapshots (left 
columns) and space-time plots (right 
columns) for different values of coupling 
strength are shown. 

Iryna Omelchenko, et al., 
Phys. Rev. Lett., 2011,  106,  234102 
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Known results 
1.   Time-discrete partial elements 

     b) Cubic map:  

Coherence-incoherence transition (for r = 0.34 and different ): 

Nadezhda Semenova, 2014 
(unpublished). 
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Known results 
2.   Time-continuous partial elements 

     a) Rössler system: 

Iryna Omelchenko, et al. //  
Phys. Rev. E, 2012,  85 



Lorenz system as a partial element 

No chimera states!!! 
Volodymyr Dziubak, et al. //  

Phys. Rev. E, 2013,  87 



Hypothesis 

Chimera states can be obtained in rings of systems with period-doubling 
bifurcation (non-hyperbolic systems). The parameter planes (𝑟, 𝜎) of networks 
with such partial elements are topologically equivalent. 

The chimera state has not been found in a network of Lorenz systems. The 
Lorenz system is  quasi-hyperbolic.  

We propose the following hypothesis: 

 

Chimera states can be obtained only in networks of chaotic 
non-hyperbolic systems and cannot be found in networks of 
hyperbolic (quasi-hyperbolic) systems. 

 
As the basic models of these two main types, we consider the non-hyperbolic 
Henon map and the quasi-hyperbolic Lozi map. 

 



The Henon map as a partial element of a network  

The Henon map can be used to describe qualitatively the bifurcational phenomena in 
three-dimensional time-continuous systems which demonstrate a spiral-chaos regime 
due to the existence of a saddle-focus separatrix loop. It has been shown that in this 
case, the Poincare section of a three-dimensional time-continuous system gives a two-
dimensional map of type (1). The Henon map (1) is an example of a non-hyperbolic 
dynamical system with the bifurcation of homoclinic tangency of stable and unstable 
manifolds of a saddle point. The Henon map is the simplest model of the maps which 
can be obtained in the Poincare section of spiral-type chaotic attractors. 

𝑥𝑛+1 = 1 − 𝛼𝑥𝑛
2 + 𝑦𝑛

𝑦𝑛+1 = 𝛽𝑥𝑛                  
      (1) 



Example: Three-dimensional chaotic system – the Anishchenko-Astakhov oscillator  
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Saddle-focus separatrix loop   Chaotic attractor for      
m =1.5 and g=0.2  

The map for the chaotic 
attractor in the secant 

plane x=0 

V.S. Anishchenko, 1987 – 1990. 



The Lozi map is a quasi-hyperbolic system. It is a general discrete model of Lorenz-
type chaotic attractors in the Poincaré section.  
 
If our hypothesis is true, then the results for the network of Henon maps  must be 
similar to those for the rings of logistic maps,  cubic maps, and  Rössler systems. For 
the network of  Lozi maps, the observations must be similar to the network of  Lorenz 
systems. 

The Lozi map as a partial element of a network 

𝑥𝑛+1 = 1 − 𝛼 𝑥𝑛 + 𝑦𝑛
𝑦𝑛+1 = 𝛽𝑥𝑛                     

      (2) 



Results for the network of Henon maps 

 Regions of coherence for non-locally coupled Henon maps (1) in the (𝑟, 𝜎) parameter 
plane with wave numbers 𝑘 =  1, 2 and 3 (regions (𝒄), (𝒃) and 𝒂 , respectively). (𝒅) is 
the area of completely synchronized chaotic states, (𝒆) is the region of complete 
incoherent states. Chimera states are observed for  < 0.5.  
Parameters:  𝛼 = 1.4,   𝛽 = 0.3,   𝑁 = 1000. 



Results for the ring of Henon maps 

Coherence-incoherence bifurcation for 
coupled  maps (1) under fixed coupling 
radius 𝑟 =  0.3 . For each value of the 
coupling parameter  (decreasing from top to 
bottom, 𝜎 = 0.53, 𝜎 = 0.45, 𝜎 =
0.32 and  𝜎 = 0.2 ), snapshots in time 
𝑡 = 5000  (left columns) and space-time 
plots (right columns) are shown. Other 
parameters are as in the previous slide. 



Results for non-hyperbolic partial elements 

Henon 

maps 

Logistic map, cubic map, Rössler system (OME 11, 12). 



Results for the ring of Lozi maps 

The structure of the parameter plane (𝑟, 𝜎) for the ring of non-locally 
coupled Lozi maps.  

 
The parameters are  𝛼 = 1.4,   𝛽 = 0.3,   𝑁 = 1000. 

Complete 
chaotic 

synchronization 

Spatial 
incoherence 

Standing or 
travelling waves 



Results for the ring of Lozi maps 

The main regimes are: 
complete chaotic 
synchronization (a), spatial 
wave (b) (it can be standing or 
travelling) and spatial 
incoherence (c). This system 
demonstrates both standing 
waves (b) and travelling waves 
(shown in the next slide). It 
should be noted that all these 
regimes including the travelling 
waves can be obtained in the 
ring of coupled Lorenz systems. 
 
 
Main regimes in the system of non-
locally coupled Lozi maps (2). 
Snapshots in time t = 5000 (left 
columns) and space-time plots (right 
columns) are shown.  

 



Travelling waves in the ring of  Lozi maps and 
Lorenz systems  

Ring of Lozi maps  Ring of Lorenz systems  



Results for hyperbolic (quasi-hyperbolic) 
partial elements 

Lozi 

maps 



    Lorenz system 

Bifurcation diagram of the Lorenz system (3) 
on the (𝜌, 𝛾) parameter plane for 𝑏 = 8/3. 
The transition from the Lorenz attractor to a 
non-hyperbolic attractor is observed when 
one intersects the line 𝑙3. 

𝑥 = −𝛾 𝑥 − 𝑦 ,    
𝑦 = −𝑥𝑧 + 𝜌𝑥 − 𝑦,
𝑧 = −𝑏𝑧 + 𝑥𝑦.      

        (3) 

 = 28 

 = 35 

Map of the quasi-hyperbolic and 
non-hyperbolic Lorenz attractors 
in the secant plane z = const  

V.V. Bykov, L.P. Shilnikov,  About the boundaries of the Lorenz attractor existence. In: Methods of the 
Qualitative Theory and Bifurcation Theory. Gorky, 1989. P. 151-159 (in Russian).  



Chimera states in a ring of non-
locally coupled Lorenz systems 

(non-hyperbolic case) 

Chimera states in the ring of 𝑁 =  300  non-locally 
coupled Lorenz systems (3). Snapshots in the time 
𝑡 =  5000  (left column) and space-time plots (right 
column) are shown. The parameters are 𝑏 = 8/3, 𝛾 =
10, 𝝆 = 𝟐𝟐𝟎,  𝑟 =  0.22 . Decreasing from top to 
bottom,  𝜎 = 0.4 ÷ 0.1.  
 
(a) - complete synchronization, (b-e) - chimera states, 
(f),(g) - spatial incoherence. 

𝝈𝒙 = 𝝈𝒚 = 𝝈;  

𝝈𝒛 = 𝟎 



Conclusion 

• We have hypothesized that the chimera states can be obtained only in  
networks of chaotic non-hyperbolic systems and cannot be found in 
networks of hyperbolic (quasi-hyperbolic) systems.  

 

• This hypothesis has been confirmed by numerical simulations of  rings of 
non-locally coupled discrete and time-continuous systems both for 
hyperbolic (quasi-hyperbolic) and non-hyperbolic cases. 

 

• The appearance and existence of chimera states in a ring of non-locally 
coupled chaotic oscillators can be described by using two basic models, 
namely, the Henon map and the Lozi map as partial elements.  

 

 



Thank you very much 
for your attention!  


